
Proračun nosača pri djelovanju kosog savijanja

Bajić, Bruno

Undergraduate thesis / Završni rad

2024

Degree Grantor / Ustanova koja je dodijelila akademski / stručni stupanj: University of 
Zagreb, Faculty of Civil Engineering / Sveučilište u Zagrebu, Građevinski fakultet

Permanent link / Trajna poveznica: https://urn.nsk.hr/urn:nbn:hr:237:820645

Rights / Prava: In copyright / Zaštićeno autorskim pravom.

Download date / Datum preuzimanja: 2024-12-11

Repository / Repozitorij:

Repository of the Faculty of Civil Engineering, 
University of Zagreb

https://urn.nsk.hr/urn:nbn:hr:237:820645
http://rightsstatements.org/vocab/InC/1.0/
http://rightsstatements.org/vocab/InC/1.0/
https://repozitorij.grad.unizg.hr
https://repozitorij.grad.unizg.hr
https://zir.nsk.hr/islandora/object/grad:2856
https://repozitorij.unizg.hr/islandora/object/grad:2856
https://dabar.srce.hr/islandora/object/grad:2856


















 

 

 

  

  

  

  

  

  

  

  

  

 

 



 



 

 

 



 

 



 

α

𝑀⃗⃗  

𝑀⃗⃗ α  

 

𝑀𝑦 = 𝑀 cos 𝛼 𝑀𝑧 = 𝑀 sin𝛼



𝜎𝑥1 = 
𝑀𝑦

𝐼𝑦
 ∙ 𝑧

𝜎𝑥2 = 
𝑀𝑧

𝐼𝑧
 ∙ 𝑦 



σ σ

𝜎𝑥 = 𝜎𝑥1 + 𝜎𝑥2

𝜎𝑥 = 
𝑀𝑦

𝐼𝑦
 ∙ 𝑧 +   

𝑀𝑧

𝐼𝑧
 ∙ 𝑦



𝜎𝑥 = 
𝑀 cos𝛼

𝐼𝑦
 ∙ 𝑧 +   

𝑀 sin𝛼

𝐼𝑧
 ∙ 𝑦

𝜎𝑥 = 𝑀( 
cos𝛼

𝐼𝑦
 ∙ 𝑧 +   

sin𝛼

𝐼𝑧
 ∙ 𝑦)

α

σ

𝜎𝑥⃗⃗⃗⃗ 

 

σ

σ

σ

cos𝛼

𝐼𝑦
 ∙ 𝑧 + 

sin𝛼

𝐼𝑧
 ∙ 𝑦 = 0



𝑧

𝑦
= −𝑡𝑔 𝛼 ∙  

𝐼𝑦

𝐼𝑧

𝜑

𝑡𝑔 𝜑 =  −𝑡𝑔 𝛼 
𝐼𝑦

𝐼𝑧
= −𝑡𝑔 𝛼 

𝑖𝑦
2

𝑖𝑧
2

|𝜑| α

α α ∞

𝐼𝑦 = 𝐼𝑧 

𝑦2

𝑖𝑧
2 + 

𝑧2

𝑖𝑦
2  = 1



𝑦𝑦0

𝑖𝑧
2 + 

𝑧𝑧0

𝑖𝑦
2 = 1

𝑧 =  − 
𝑖𝑦
2

𝑖𝑧
2  

𝑦0

𝑧0
 𝑦 + 

𝑖𝑦
2

𝑧0

𝑧 =  − 
𝑖𝑦
2

𝑖𝑧
2  𝑡𝑔 𝛼 𝑦 + 

𝑖𝑦
2

𝑧0

𝑡𝑔 𝛹 =  − 
𝑖𝑦
2

𝑖𝑧
2  𝑡𝑔 𝛼 =  − 

𝐼𝑦

𝐼𝑧
𝑡𝑔 𝛼 

Ψ 𝜑

 



𝜎𝑥𝑚𝑎𝑥 = 𝜎𝑥(1) = 
𝑀𝑦

𝐼𝑦
 ∙  𝑧1 + 

𝑀𝑧

𝐼𝑧
 ∙  𝑦1 ≤ 𝜎𝑣 𝑑𝑜𝑝 

𝜎𝑥𝑚𝑖𝑛 = 𝜎𝑥(2) = 
𝑀𝑦

𝐼𝑦
 ∙  𝑧2 + 

𝑀𝑧

𝐼𝑧
 ∙  𝑦2  ≤  𝜎𝑡 𝑑𝑜𝑝     

σ

σ

σ σ

σ

|𝜎𝑥|𝑚𝑎𝑥  ≤  𝜎𝑑𝑜𝑝

𝜎𝑥𝑚𝑖𝑛
𝑚𝑎𝑥 = ± ( 

𝑀𝑦

𝑊𝑦
+ 

𝑀𝑧

𝑊𝑧
 )          |

𝑊𝑦 =
𝑏ℎ2

6

𝑊𝑧 =
ℎ𝑏2

6

|



𝑀𝑦

𝑊𝑦
+ 

𝑀𝑧

𝑊𝑧
 ≤  𝜎𝑑𝑜𝑝

1

𝑊𝑦
 (𝑀𝑦 + 

𝑊𝑦

𝑊𝑧
 𝑀𝑧) =  

1

𝑊𝑦
 ( 𝑀𝑦 +  𝜂 ∙  𝑀𝑧 )  ≤  𝜎𝑑𝑜𝑝

𝑊𝑦  ≥  
1

𝜎𝑑𝑜𝑝
 ( 𝑀𝑦 +  𝜂 ∙  𝑀𝑧 )

𝑊𝑦  ≥  
1

𝜎𝑑𝑜𝑝
 (cos 𝛼 +  𝜂 ∙ sin 𝛼  )



η

𝜂 =  
𝑊𝑦

𝑊𝑧
= 

𝑏ℎ2

6
ℎ𝑏2

6

= 
ℎ

𝑏

𝜂 =  
𝑊𝑦

𝑊𝑧
 

η



 

𝑑2𝑤

𝑑𝑥2
= − 

𝑀𝑦

𝐸𝐼𝑦
 ;            

𝑑2𝑣

𝑑𝑥2
= − 

𝑀𝑧

𝐸𝐼𝑧
 

𝑓 =  √𝑣2 + 𝑤2

𝑤 = 
𝑀𝑦̅̅ ̅̅̅

𝐸𝐼𝑦
 ;            𝑣 =  

𝑀𝑧̅̅ ̅̅

𝐸𝐼𝑧
 

𝑀𝑦
̅̅ ̅̅  𝑀𝑧

̅̅ ̅̅

𝑀̅ =  √𝑀𝑦
2̅̅ ̅̅ + 𝑀𝑧

2̅̅ ̅̅  

𝑀𝑦
̅̅ ̅̅ =  𝑀̅  ∙ cos 𝛼 ;           𝑀𝑧

̅̅ ̅̅ =  𝑀̅  ∙ sin 𝛼

𝑤 = 
𝑀̅ ∙cos𝛼

𝐸𝐼𝑦
 ;            𝑣 =  

𝑀̅ ∙sin𝛼

𝐸𝐼𝑧
 

𝑓 =  √𝑣2 + 𝑤2 = 
𝑀̅

𝐸
 ∙  √

𝑐𝑜𝑠2𝛼

𝐼𝑦
2 +

𝑠𝑖𝑛2𝛼

𝐼𝑧
2



𝑓 β

𝑡𝑔 𝛽 =  
𝑣

𝑤
= 

𝑀̅̅̅ ∙sin𝛼

𝐸𝐼𝑧
 

𝑀̅̅̅ ∙cos𝛼

𝐸𝐼𝑦

= 
𝑀̅∙𝑠𝑖𝑛𝛼 ∙𝐸 ∙ 𝐼𝑦

𝑀̅∙𝑐𝑜𝑠𝛼 ∙𝐸 ∙ 𝐼𝑧
= 

𝐼𝑦

𝐼𝑧
 ∙ 𝑡𝑔𝛼

𝑡𝑔𝛽 =  −𝑡𝑔𝜑      𝑖𝑙𝑖      𝛽 =  −𝜑



 

σ

τ τ



𝜏𝑥𝑧 = 
𝑇𝑧 ∙ 𝑆𝑦

𝐼𝑦 ∙ 𝑏𝑦
           𝜏𝑥𝑦 = 

𝑇𝑦 ∙ 𝑆𝑧

𝐼𝑧 ∙ 𝑏𝑧

𝜏 =  √𝜏𝑥𝑦
2  +  𝜏𝑥𝑧

2

 



 

 

∑𝑀𝐴 = 0

𝐵 ∙ 4 − 40 ∙ 4 ∙ 2 = 0

𝐵 = 80 𝑘𝑁

∑𝑀𝐵 = 0

−40 ∙ 4 ∙ 2 + 𝐴 ∙ 4 = 0

𝐴 = 80 𝑘𝑁

𝑀𝑚𝑎𝑥 =
𝑞𝑙2

8
=

40∙42

8
= 80 𝑘𝑁𝑚



𝐴 = 70 ∙ 210 +
60∙90

2
= 17 400 𝑚𝑚2

𝑧𝑇 =
210∙70∙105+

90∙60

2
∙180

17 400
= 116,64 𝑚𝑚

𝑦𝑇 =
210∙70∙35+

90∙60

2
∙90

17 400
= 43,53 𝑚𝑚

𝐼𝑦 =
70∙2103

12
+ 70 ∙ 210 ∙ (116,64 − 105)2 +

60∙903

36
+

60∙90

2
∙ (180 − 116,64)2

𝐼𝑦 = 68,068 ∙ 106 𝑚𝑚4

𝐼𝑧 =
210∙703

12
+ 70 ∙ 210 ∙ (43,53 − 35)2 +

90∙603

36
+

60∙90

2
∙ (90 − 43,53)2

𝐼𝑧 = 13,443 ∙ 106 𝑚𝑚4



𝐼𝑦𝑧 = 70 ∙ 210 ∙ (43,53 − 35) ∙ (116,64 − 105) +
60∙90

2
∙ (180 − 116,64) ∙ (90 −

43,53) +
602902

72
= 9,814 ∙ 106 𝑚𝑚4

𝐼𝑢,𝑣 =
𝐼𝑦+𝐼𝑧

2
±

1

2
∙ √(𝐼𝑦 − 𝐼𝑧)

2
+ 4𝐼𝑦𝑧

2

𝐼𝑢,𝑣 =
68,068∙106+13,443∙106

2
±

1

2
√(68,068 ∙ 106 − 13,443 ∙ 106)2 + 4 ∙ 9,814 ∙ 1062

𝐼𝑢 = 69,778 ∙ 106 𝑚𝑚4

𝐼𝑣 = 11,733 ∙ 106 𝑚𝑚4

𝑡𝑔2𝜑0 = −
2𝐼𝑦𝑧

𝐼𝑦−𝐼𝑧
= −

2∙9,814∙106

(68,068−13,443)∙106 = −0,359323 ⟹ 𝜑0 = −9,882°

𝐼𝑦 + 𝐼𝑧 = 𝐼𝑢 + 𝐼𝑣

68,068 ∙ 106 + 13,443 ∙ 106 = 69,778 ∙ 106 + 11,733 ∙ 106 

81,511 ∙ 106 = 81,511 ∙ 106

𝑡𝑔𝜑 = −
𝐼𝑢

𝐼𝑣
𝑡𝑔𝛼 = |𝛼 = 𝜑0| = 1,03602 ⟹ 𝜑 = 46,014°



𝑢 = 𝑧 ∙ 𝑠𝑖𝑛𝜑0 + 𝑦 ∙ 𝑐𝑜𝑠𝜑0

𝑣 = 𝑧 ∙ 𝑐𝑜𝑠𝜑0 − 𝑦 ∙ 𝑠𝑖𝑛𝜑0 

𝜎1 =
𝑀𝑢

𝐼𝑢
∙ 𝑣1 +

𝑀𝑣

𝐼𝑣
∙ 𝑢1 = |

𝑀𝑢 = 𝑀 ∙ 𝑐𝑜𝑠𝜑0

𝑀𝑣 = 𝑀 ∙ 𝑠𝑖𝑛𝜑0
|

𝜎1 =
80∙106∙cos (−9,882)

69,778∙106 ∙ (−84,50) +
80∙106∙sin(−9,882)

11,773∙106 ∙ 58,91

𝜎1 = −164,142 𝑀𝑃𝑎 (𝑡𝑙𝑎𝑘)

𝜎2 =
𝑀𝑢

𝐼𝑢
∙ 𝑣2 +

𝑀𝑣

𝐼𝑣
∙ 𝑢2 = |

𝑀𝑢 = 𝑀 ∙ 𝑐𝑜𝑠𝜑0

𝑀𝑣 = 𝑀 ∙ 𝑠𝑖𝑛𝜑0
| 

𝜎2 =
80∙106∙cos (−9.882)

69,778∙106 ∙ 110,37 +
80∙106∙sin(−9.882)

11,773∙106 ∙ (−46,09) 

𝜎2 =  178,411 𝑀𝑃𝑎 (𝑣𝑙𝑎𝑘)





∑𝑀𝐵 = 0

−𝐴 ∙ 5 + 20 ∙ 2,5 − 80 = 0

𝐴 = −6 𝑘𝑁

∑𝑀𝐴 = 0

−20 ∙ 2,5 + 𝐵 ∙ 5 − 80 ∙ 6 = 0

𝐵 = 106 𝑘𝑁

∑𝐹𝑦 = 0

𝐴 + 𝐵 − 20 − 40 ∙ 2 = 0

−6 + 106 − 20 − 80 = 0 ⟹ 0 = 0



𝐴 = 4 (
173,2∙100

2
−

86,6∙50

2
) = 25980 𝑚𝑚2

𝐼𝑣 = 4 ∙ ( 
173,2∙1003

36
+

173,2∙100

2
∙ (

100

3
)
2

− (
86,6∙503

36
+

86,6∙50

2
∙ (

50

3
)2)

𝐼𝑣 = 5,41 ∙ 107 𝑚𝑚4  

𝐼𝑢 = 4 ∙ ( 
100∙173,23

36
+

173,2∙100

2
∙ (

173,2

3
)
2

− (
50∙86,63

36
+

86,6∙50

2
∙ (

86,6

3
)2)

𝐼𝑢 = 16,24 ∙ 107 𝑚𝑚4 

𝑡𝑔𝜑 = −
𝐼𝑢

𝐼𝑣
𝑡𝑔𝛼 = |𝛼 = −60°| ⟹ 𝜑 = 79,1°



𝜎1 =
𝑀𝑢

𝐼𝑢
∙ 𝑣1 +

𝑀𝑣

𝐼𝑣
∙ 𝑢1

𝜎1 =
−80∙106∙sin(30)

16,24∙107
∙ 0 +

−80∙106∙cos(30)

5,41∙107
∙ (−100)

𝜎1 =  128,06 𝑀𝑃𝑎 (𝑣𝑙𝑎𝑘) 

𝜎2 =
𝑀𝑢

𝐼𝑢
∙ 𝑣2 +

𝑀𝑣

𝐼𝑣
∙ 𝑢2

𝜎2 =
−80∙106∙sin (30)

16,24∙107
∙ 0 +

−80∙106∙cos(30)

5,41∙107
∙ 100

𝜎2 = −128,06 𝑀𝑃𝑎 (𝑡𝑙𝑎𝑘)  



σ

𝐴 = 40 ∙ 100 + 40 ∙ 100 = 8 000 𝑚𝑚2

𝑧𝑇 =
40∙100∙50+40∙100∙120

8 000
= 85 𝑚𝑚

𝑦𝑇 = 50 𝑚𝑚

𝐼𝑦 =
40∙1003

12
+ 40 ∙ 100 ∙ (85 − 50)2 +

100∙403

12
+ 40 ∙ 100 ∙ (120 − 85)2

𝐼𝑦 = 13,67 ∙ 106 𝑚𝑚4

𝐼𝑧 =
100∙403

12
+

40∙1003

12

𝐼𝑧 = 3,87 ∙ 106 𝑚𝑚4



𝑡𝑔𝜑 = −
𝐼𝑦

𝐼𝑧
𝑡𝑔𝛼 = |𝛼 = 25°| = −1,647 ⟹ 𝜑 = −58,74°

𝜎2 =
𝑀𝑦

𝐼𝑦
∙ 𝑧2 +

𝑀𝑧

𝐼𝑧
∙ 𝑦2 = |

𝑀𝑦 = 𝑀 ∙ 𝑐𝑜𝑠𝛼

𝑀𝑧 = 𝑀 ∙ 𝑠𝑖𝑛𝛼
|

−285 =
𝑀∙cos(25)

13,67∙106
∙ 85 +

𝑀∙sin(25)

3,87∙106
∙ 20 ⟹ 𝑀 = −36,447 𝑘𝑁𝑚 

𝑀 =
𝑞𝑙2

2
=

𝑞∙2,22

2
⟹ 𝑞 = 15,0 

𝑘𝑁

𝑚′

𝜎1 =
𝑀𝑦

𝐼𝑦
∙ 𝑧1 +

𝑀𝑧

𝐼𝑧
∙ 𝑦1 = |

𝑀𝑦 = 𝑀 ∙ 𝑐𝑜𝑠𝛼

𝑀𝑧 = 𝑀 ∙ 𝑠𝑖𝑛𝛼
| 

𝜎1 =
−36,447∙106∙cos(25)

13,67∙106 ∙ (−55) +
−36,447∙106∙sin(25)

3,87∙106 ∙ (−50)

𝜎1 = 331,86 𝑀𝑃𝑎



𝜎2 =
𝑀𝑦

𝐼𝑦
∙ 𝑧2 +

𝑀𝑧

𝐼𝑧
∙ 𝑦2 = |

𝑀𝑦 = 𝑀 ∙ 𝑐𝑜𝑠𝛼

𝑀𝑧 = 𝑀 ∙ 𝑠𝑖𝑛𝛼
|  

𝜎2 =
−36,447∙106∙cos(25)

13,67∙106 ∙ 85 +
−36,447∙106∙sin(25)

3,87∙106 ∙ 20 

𝜎2 = −284,97 𝑀𝑃𝑎 (tlak)
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