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 𝜎𝐾 = 𝜎𝑀

 𝜎𝐾 = 𝜎𝑇

𝜎𝐾  𝜎𝑀 𝜎𝑇

 

𝜎𝑑𝑜𝑝 =
𝜎𝐾

𝑘 1 

𝜎𝑑𝑜𝑝 𝑘



𝜎𝑒𝑘

𝜎𝑒𝑘 ≤ 𝜎𝑑𝑜𝑝
2 

 

𝜎𝑒𝑘 = |𝜎1| ≤ 𝜎𝑑𝑜𝑝 |𝜎1| > |𝜎3|
 



𝜎𝑒𝑘 = |𝜎3| ≤ 𝜎𝑑𝑜𝑝 |𝜎1| < |𝜎3|
3 

 

𝜀𝑚𝑎𝑥 =
𝜎𝑒𝑘

𝐸 4 

𝜀𝑚𝑎𝑥 𝐸

𝜎𝑒𝑘 = |𝜎1 − 𝑣(𝜎2 + 𝜎3)| ≤ 𝜎𝑑𝑜𝑝 |𝜎1| > |𝜎1|
 

𝜎𝑒𝑘 = |𝜎3 − 𝑣(𝜎1 + 𝜎2)| ≤ 𝜎𝑑𝑜𝑝 |𝜎1| < |𝜎3|
5 

𝑣

 

𝜎1 𝜎3



𝜏𝑚𝑎𝑥 =
𝜎1 − 𝜎3

2 6 

𝜎𝑒𝑘 = 𝜎1 − 𝜎3
7 

𝜎𝑒𝑘 = 𝜎1 − 𝜎3 ≤ 𝜎𝑑𝑜𝑝
8 

 

𝑢 =
𝜎1 ∙ 𝜀1

2
+

𝜎2 ∙ 𝜀2

2
+

𝜎3 ∙ 𝜀3

2 9 

𝑢 =
1

2𝐸
[𝜎1

2 + 𝜎2
2 + 𝜎3

2 − 2𝑣 ∙ (𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1)] 10 

𝜎𝑒𝑘 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 − 2𝑣 ∙ (𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1) 11 

𝜎𝑒𝑘 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 − 2𝑣 ∙ (𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1) ≤ 𝜎𝑑𝑜𝑝 12 



 

𝑢𝑜 𝑢𝑉

𝑢 = 𝑢𝑜 + 𝑢𝑉
13 

𝑢𝑉

𝑢𝑉 =
3(1 − 2𝑣)

2𝐸
𝜎𝑠

2 14 

𝜎𝑠 =
1

3
(𝜎1 + 𝜎2 + 𝜎3) 15 

𝑢𝑉 =
1 − 2𝑣

6𝐸
(𝜎1 + 𝜎2 + 𝜎3)2

16 

𝑢 𝑢𝑜

𝑢𝑜 = 𝑢 − 𝑢𝑉
17 

𝑢𝑜 =
1 + 𝑣

6𝐸
[(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2] 18 



𝑢𝑜 =
1 + 𝑣

3𝐸
𝜎𝑒𝑘

2
19 

𝜎𝑒𝑘 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 − (𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1) 20 

𝜎𝑒𝑘 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 − (𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1) ≤ 𝜎𝑑𝑜𝑝 21 

 

𝜎𝑒𝑘 = 𝜎𝑇
22 

𝜎1 = −𝜎2 = 𝜏
 

𝜎3 = 0
23 

 𝜏𝑇 = 𝜎𝑇

 𝜏𝑇 = 0,77𝜎𝑇

 𝜏𝑇 = 0,50𝜎𝑇



 𝜏𝑇 = 0,62𝜎𝑇

 𝜏𝑇 = 0,577𝜎𝑇



 

∆𝑇 = +20 𝐾

𝑀𝑡 = 80 kNm

𝜎𝑇 = 240 MPa

𝐸 = 2 ∙ 105 MPa

𝛼𝑡 = 1,2 ∙ 10−5 1/K 

𝜎3 = 0



𝜎𝑒𝑘𝑣 = √𝜎1
2 + 𝜎2

2 − 𝜎1𝜎2

𝐼𝑝1 =
(𝐷4 − 𝑑4)𝜋

32
= 16,34 ∙ 106 mm4

𝐴1 =
(𝐷2 − 𝑑2)𝜋

4
= 6283,19 mm2

𝐼𝑝2 =
𝐷4𝜋

32
= 20,36 ∙ 106 mm4

𝐴2 =
𝐷2𝜋

4
= 11309,73 mm2

∑ 𝑀 = 0

𝑀𝐴 + 𝑀𝐵 − 80 = 0

𝜑𝐴 = 0

𝑀𝐴

𝐺
[
1100

𝐼𝑝1
+

1100

𝐼𝑝2
] −

80

𝐺
[
1100

𝐼𝑝2
] = 0

𝑀𝐴 = 35,6 kNm

𝑀𝐵 = 44,4 kNm

∑ 𝐹 = 0

𝑅𝐴 − 𝑅𝐵 = 0

𝛿𝐴
𝐻 = 0



−
𝑅𝐴

𝐸
[
1100

𝐴1
+

1100

𝐴2
] + 𝛼𝑇Δ𝑇 ∙ 1100 = 0

𝑅𝐴 = 𝑅𝐵 = 193,88 kN

𝜎1−1 =
𝑅𝐴

𝐴1
= −30,86 MPa

𝜏1−1 =
𝑀𝐴

𝐼𝑝1
∙ 60 = 130,75 MPa

𝜎2−2 =
𝑅𝐵

𝐴2
= −17,14 MPa

𝜏2−2 =
𝑀𝐵

𝐼𝑝2
∙ 60 = 130,84 MPa

𝜎1,2 =
𝜎1−1

2
±

1

2
√𝜎1

2 + 4𝜏2

𝜎1 = 116,22 MPa

𝜎2 = −147,09 MPa

𝜎𝑒𝑘 = √116,222 + (−147,09)2 − 116,22 ∙ (−147,09) = 228,56 MPa

𝑘𝑠 =
𝜎𝑇

𝜎𝑒𝑘𝑣
=

240

228,56
= 1,05 → 𝐾𝑜𝑒𝑓𝑖𝑐𝑖𝑗𝑒𝑛𝑡 𝑠𝑖𝑔𝑢𝑟𝑛𝑜𝑠𝑡𝑖 𝑧𝑎𝑑𝑎𝑛𝑒 𝑜𝑠𝑜𝑣𝑖𝑛𝑒



 

𝑘𝑠

𝜎𝑇 = 250 MPa

𝑀 = 100 kNm

𝑇 = 200 kN

𝐴 = 200 ∙ 30 + 150 ∙ 210 − 130 ∙ 180 = 14100 mm2

𝑧𝑡 =
200 ∙ 30 ∙ 225 + 150 ∙ 210 ∙ 105 − 130 ∙ 180 ∙ 120

14100
= 131,17 mm



𝐼𝑦 =
200 ∙ 303

12
+ 𝐴1(225 − 131,17)2 +

150 ∙ 2103

12
+ 𝐴2(105 − 131,17)2 −

130 ∙ 1803

12
− 𝐴3(120 − 131,17)2 = 124,51 ∙ 106 mm4

𝑆𝑦1 = 0

𝑆𝑦2 = 200 ∙ 30 ∙ (225 − 131,17) = 562980 mm3

𝑆𝑦1 = 150 ∙ 30 ∙ (131,17 − 15) = 522765 mm3

𝜎3 = 0

𝜎𝑒𝑘𝑣 = |𝜎1 − 𝜎2|

𝜎𝑥 =
𝑀

𝐼𝑦
∙ 𝑧1 +

𝑁

𝐴

𝜎1 = 𝜎𝑥 𝜎2 = 0 𝜏𝑥𝑦 = 0



𝜎𝑒𝑘𝑣 = 𝜎1 = 𝜎𝑥

𝜎𝑥 =
−100 ∙ 106

124,51 ∙ 106
∙ (−108,83) +

𝑁

𝐴
= 87,41 +

𝑁

14100

𝑘𝑠 = 1,3 =
𝜎𝑇

𝜎𝑒𝑘𝑣
=

250

84,41 +
𝑁
𝐴

𝑁 = 1479 𝑘𝑁

𝜎𝑥 =
𝑀

𝐼𝑦
∙ 𝑧2 +

𝑁

𝐴
=

−100 ∙ 106

124,51 ∙ 106
∙ (−78,83) +

𝑁

14100
= 63,31 +

𝑁

14100

𝑏 = 20 mm

𝜏𝑥𝑧 =
𝑇 ∙ 𝑆𝑦2

𝐼𝑦 ∙ 𝑏
=

200 ∙ 103 ∙ 562980

124,51 ∙ 106 ∙ 20
= 45,22 MPa

𝜎𝑒𝑘𝑣 = |𝜎1 − 𝜎2|

𝜎1,2 =
𝜎

2
±

1

2
√𝜎2 + 4𝜏2

𝜎𝑒𝑘𝑣 𝜎𝑒𝑘𝑣 = √𝜎2 + 4𝜏2

𝑘𝑠 = 1,3 =
𝜎𝑇

𝜎𝑒𝑘𝑣
 

𝜎𝑒𝑘𝑣 =
250

1,3
= √𝜎2 + 4𝜏2

36982,25 = (63,31 +
𝑁

14100
)

2

+ 4 ∙ 45,222

𝑁 = 1500,33 kN

𝜎𝑥 =
𝑀

𝐼𝑦
∙ 𝑧3 +

𝑁

𝐴
=

−100 ∙ 106

124,51 ∙ 106
∙ (101,17) +

𝑁

14100
= −81,26 +

𝑁

14100



𝑏 = 20

𝜏𝑥𝑧 =
𝑇 ∙ 𝑆𝑦3

𝐼𝑦 ∙ 𝑏
=

200 ∙ 103 ∙ 522765

124,51 ∙ 106 ∙ 20
= 41,99 MPa

𝜎𝑒𝑘𝑣 = |𝜎1 − 𝜎2| = √𝜎2 + 4𝜏2

36982,25 = (−81,26 +
𝑁

14100
)

2

+ 4 ∙ 41,992

𝑁 = 3585,08 kN

𝑵 = 𝟏𝟒𝟕𝟗 𝐤𝐍

𝜎3 = 0

𝜎𝑒𝑘𝑣 = √𝜎1
2 + 𝜎2

2 − 𝜎1𝜎2

𝑁 = 1479 𝑘𝑁

𝜎𝑥 =
𝑀

𝐼𝑦
∙ 𝑧2 +

𝑁

𝐴
=

−100 ∙ 106

124,51 ∙ 106
∙ (−78,83) +

1479 ∙ 103

14100
= 168,21 MPa

𝜏𝑥𝑧 = 45,22 MPa

𝜎1,2 =
𝜎

2
±

1

2
√𝜎2 + 4𝜏2

𝜎1 = 179,59 MPa

𝜎2 = −11,38 MPa

𝜎𝑒𝑘𝑣 = √𝜎1
2 + 𝜎2

2 − 𝜎1𝜎2 = 185,54 MPa

𝑘𝑠 =
𝜎𝑇

𝜎𝑒𝑘𝑣
=

250

185,54
= 1,35 → 𝐾𝑜𝑒𝑓𝑖𝑐𝑖𝑗𝑒𝑛𝑡 𝑠𝑖𝑔𝑢𝑟𝑛𝑜𝑠𝑡𝑖 𝑢 𝑡𝑜č𝑘𝑖 
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➢ Xc

➢ Yt



➢ Yc

➢ 

 

𝜎1 < 𝑋𝑡
 

𝜎2 < 𝑌𝑡
24 

𝜎1 > 𝑋𝑐
 

𝜎2 > 𝑌𝑐
25 

|𝜏12| < 𝑆
26 

𝜃

 

𝜎1 = 𝜎𝑥𝑐𝑜𝑠2𝜃 < 𝑋
 

𝜎2 = 𝜎𝑥𝑠𝑖𝑛2𝜃 < 𝑌
 



𝜏12 = −𝜎𝑥𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 < 𝑆
27 

𝜎𝑥 𝜎1 𝜎2 𝜏12

𝜃 = 45°

𝑅 =
𝜎1

𝑋
=

𝜎2

𝑌
=

𝜏12

𝑆 28 

𝑅 > 1 𝑅 < 1



 

𝜎1
2

𝑋2
−

𝜎1𝜎2

𝑋2
+

𝜎2
2

𝑌2
+

𝜏12
2

𝑆2
< 1 29 

𝜎1 > 0 𝜎2 > 0

𝑋 = 𝑋𝑡
 

𝑌 = 𝑌𝑡
30 

𝜎1 < 0 𝜎2 < 0



𝑋 = 𝑋𝑐
 

𝑌 = 𝑌𝑐
31 

𝜎𝑥 𝜃

𝑐𝑜𝑠4𝜃

𝑋2
+ (

1

𝑆2
−

1

𝑋2
) 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 +

𝑠𝑖𝑛4𝜃

𝑌2
<

1

𝜎𝑥
2

32 

𝑅2 =
𝜎1

2

𝑋2
−

𝜎1𝜎2

𝑋2
+

𝜎2
2

𝑌2
+

𝜏12
2

𝑆2
33 

 

𝐹1𝜎1 + 𝐹2𝜎2 + 𝐹11𝜎1
2 + 𝐹22𝜎2

2 + 𝐹66𝜏12
2 − √𝐹11𝐹22𝜎1𝜎2 < 1

34 

𝐹1 =
1

𝑋𝑡
−

1

𝑋𝑐
 

𝐹2 =
1

𝑌𝑡
−

1

𝑌𝑐
 



𝐹11 =
1

𝑋𝑡𝑋𝑐
 

𝐹22 =
1

𝑌𝑡𝑌𝑐
 

𝐹66 =
1

𝑆2 35 

1

𝑅
(𝐹1𝜎1 + 𝐹2𝜎2) +

1

𝑅2
(𝐹11𝜎1

2 + 𝐹22𝜎2
2 + 𝐹66𝜏12

2 − √𝐹11𝐹22𝜎1𝜎2) = 1 36 

 



𝟎°

𝑬𝟏 𝑬𝟐 𝑮𝟏𝟐 𝒗𝟏𝟐

𝐸1 

𝐸2 

𝑣12

𝐺12 

𝐺13 

𝐺23 

𝑋𝑡 

𝑋𝑐 

𝑌𝑡 

𝑌𝑐 

𝑆 

0° 60°
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