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τ τ

τ

τ

ρ

𝑀𝑡 = ∫ 𝜌
⬚

𝐴

𝜏 𝑑𝐴 (2.1)
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𝛾 ≈ 𝑡𝑔𝛾 =
𝐴𝐴′

𝑑𝑥
→ 𝐴𝐴′ = 𝛾𝑑𝑥 (2.2)

𝑑𝜑 ≈ 𝑡𝑔𝑑𝜑 =
𝐴𝐴′

𝜌
→ 𝐴𝐴′ = 𝜌𝑑𝜑 (2.3)

𝛾 = 𝜌
𝑑𝜑

𝑑𝑥
 (2.4)

𝑑𝜑 𝑑𝑥

𝜃

𝜃 =
𝑑𝜑

𝑑𝑥
 [

𝑟𝑎𝑑

𝑚
] (2.5)

𝛾 = 𝜃𝜌 (2.6)

𝜏 = 𝛾𝐺 (2.7)

𝜏 = 𝐺𝜃𝜌 (2.8)
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τ

      𝑀𝑡 = ∫ 𝐺 𝜃 𝜌2
⬚

𝐴

𝑑𝐴 (2.9)

𝜃

𝑀𝑡 = 𝐺 𝜃 ∫  𝜌2
⬚

𝐴

𝑑𝐴 (2.10)

    𝐼𝑝 = ∫  𝜌2
⬚

𝐴

𝑑𝐴 =
𝜋 𝑟4

2
=

𝜋 𝑑4 

32  
(2.11)

𝜃 =  
𝑀𝑡

𝐺𝐼𝑝

(2.12)

𝜏 =
𝑀𝑡

𝐼𝑝
 𝜌  (2.13)

    𝜏𝑚𝑎𝑥 =
𝑀𝑡

𝐼𝑝
 𝜌𝑚𝑎𝑥 =

𝑀𝑡

𝐼𝑝
 𝑟 (2.14)

    𝜏𝑚𝑎𝑥 =
𝑀𝑡 

𝑊𝑝

(2.15)

   𝑊𝑝 =  
𝐼𝑝

𝑟
=  

𝜋 𝑟3

2
=  

𝜋 𝑑3

16
(2.16)

𝑑𝜑 = 𝜃𝑑𝑥 =  
𝑀𝑡 𝑑𝑥

𝐺 𝐼𝑝

(2.17)

 𝜑 = ∫ 𝜃𝑑𝑥 =  ∫
𝑀𝑡  𝑑𝑥

𝐺 𝐼𝑝

𝑙

0

 
𝑙

0

(2.18)
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𝜑 =  
𝑀𝑡  𝑙

𝐺 𝐼𝑝

(2.19)

𝜑 = ∑
𝑀𝑡𝑖

 𝑙𝑖

𝐺 𝑖𝐼𝑝𝑖

𝑛

𝑖=𝑙

 (2.20)

𝐺𝐼𝑝

𝐼𝑝 =
𝜋𝐷4

32
−  

𝜋𝑑4

32
(2.21)
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       𝜎1 =  𝜎𝑚𝑎𝑥 = 𝜏 (2.22)

       𝜎2 =  𝜎𝑚𝑖𝑛 = −𝜏 (2.23)

►

σ

 

𝜑 =  
𝑀𝑡  𝑙

𝐺 𝐼𝑝

(2.24)
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𝜑0

𝜑0 𝜑 𝜑

𝜑

𝑑𝑊 = 𝑀𝑡d𝜑 (2.25)

φ φ

 𝑊 =  ∫ 𝑀𝑡𝑑𝜑 =  
1

2

𝜑

0

𝑀𝑡 𝜑 (2.26)   

𝑈 = 𝑊 =
1

2
𝑀𝑡𝜑 (2.27)

𝑈 =
𝑀𝑡

2 𝑙

2𝐺 𝐼𝑝

(2.28)

𝑈 =
𝐺 𝐼𝑝𝜑2

2𝑙
(2.29)
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𝑑𝑈 =
𝑀𝑡𝑑𝑥

2𝐺 𝐼𝑝

(2.30)

𝑈 = ∫
𝑀𝑡

2 𝑑𝑥

2𝐺 𝐼𝑝

𝑙

0

(2.31)
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𝜕2Φ

𝜕𝑥2
+

𝜕2Φ

𝜕𝑦2
= −2𝐺θ (2.32)

𝜃

𝜕Φ

𝜕𝑠
= 0 (2.33)

𝜃 = 0.

    𝑀𝑡 = 2 ∬ Φ(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
⬚

𝐴

(2.34)

𝜃 

   𝜏𝑧𝑥 =
𝜕Φ

𝜕𝑦
(2.35)

𝜏𝑧𝑦 =
𝜕Φ

𝜕𝑥
(2.36)

𝜃

𝜏 = √𝜏𝑧𝑥
2 + 𝜏𝑧𝑦

2 = −
𝜕Φ

𝜕𝑛
(2.37)
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𝜕2Φ

𝜕𝑥2
+

𝜕2Φ

𝜕𝑦2
= −2𝐺θ (2.38)

 𝜏𝐴 = 𝜏𝑚𝑎𝑥 =
𝑀𝑡

𝑎 ℎ 𝑏2
(2.39)

    𝜏𝐵 = 𝜂𝜏𝑚𝑎𝑥 (2.40)

 θ =
𝑀𝑡

𝐺 𝛽 ℎ 𝑏3 
(2.41)
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 𝜑 =
3𝑀𝑡𝜄

𝐺 ℎ 𝑏3
(2.42)

α β η

α β η

α β η

𝜏𝑚𝑎𝑥 =
3𝑀𝑡

ℎ 𝑏2
(2.43)

 θ =
3𝑀𝑡

𝐺 ℎ 𝑏3
 (2.44)

 𝜑 =
3𝑀𝑡𝜄

𝐺 ℎ 𝑏3
(2.45)
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 𝜏𝐴 = 𝜏𝑚𝑎𝑥 =
2𝑀𝑡

𝜋 𝑎 𝑏2
(2.46)

   𝜏𝐵 =
2𝑀𝑡

𝜋 𝑏 𝑎2
(2.47)

  𝜑 =
𝑀𝑡𝜄

𝐺
𝜋 𝑎3𝑏3

𝑎2 + 𝑏2

(2.48)

 𝜏𝑚𝑎𝑥 =
20𝑀𝑡

𝑎3
(2.49)

𝜑 =
𝑀𝑡𝜄

𝐺
√3
80 𝑎4

(2.50)
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  𝜏𝑚𝑎𝑥 =
𝑀𝑡

𝑊𝑡

(2.51)

  𝜑 =  
𝑀𝑡  𝑙

𝐺 𝐼𝑡

(2.52)

 𝑀𝑡 = 𝐺𝐼𝑡𝜃 (2.53)

  𝑈 = ∫
𝑀𝑡

2 𝑑𝑥

2𝐺𝐼𝑡

Ι

0

(2.54)

 

ϕ

    
Ι

𝜌1
=

𝜕2𝑤
𝜕𝑥2

[1 + (
𝜕𝑤
𝜕𝑥

)
2

]

3
2

≅
𝜕2𝑤

𝜕𝑥2
(2.55)

    
Ι

𝜌2
= −

𝜕2𝑤

𝜕𝑦2
(2.56)

     𝜎1 = 𝜎2 = 𝜎 (2.57)

𝜎1

𝜌1
+

𝜎2

𝜌2
=

𝑝

ℎ
(2.58)

 
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
= −

𝑝

𝜎 ℎ
= −

𝑝

𝑆
(2.59)

𝑝

𝑆
= 2𝐺𝜃 (2.60)



Torzija ravnih štapova 

  

Završni rad: Ana Krezo   17 

 

  Φ(𝑥, 𝑦) = 𝑤(𝑥, 𝑦) (2.61)

Φ

𝑤
=

2𝐺𝜃𝑆

𝑝
(2.62)

    Φ =
2𝐺𝜃𝑆

𝑝
𝑤 (2.63)

          𝑀𝑡 = 2 ∬ Φ(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦        
⬚

𝐴

(2.64)

  𝑉 = ∬ 𝑤(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = ∬
𝑝

𝑆

⬚

𝐴

⬚

𝐴

 𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 =
𝑝

𝑆
∬ 𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

⬚

𝐴

(2.65)

  
𝑀𝑡

2𝑉
=

2𝐺𝜃
𝑝
𝑆

    (2.66)

  
𝑀𝑡

2𝑉
=

Φ

𝑤 
(2.67)

  Φ =
𝑀𝑡

2𝑉
𝑤  (2.68)

𝜏 = −
𝜕Φ(𝑥, 𝑦)

𝜕𝑛
=

𝑀𝑡

2𝑉
 
𝜕𝑤(𝑥, 𝑦)

𝜕𝑛
(2.69)

• 

ϕ

• 

ϕ
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• 

 𝛿 =
𝑝𝑏2

8𝑆
(2.70)

   (
𝜕𝑤

𝜕𝑛
)

𝑚𝑎𝑥
=

4𝛿

𝑏
(2.71)

 𝑉 =
2

3
𝑏 𝛿 ℎ (2.72)

𝜏 = −
𝜕Φ(𝑥, 𝑦)

𝜕𝑛
= −

𝑀𝑡

2𝑉
 
𝜕𝑤(𝑥, 𝑦)

𝜕𝑛
 (2.73)

 
𝑀𝑡

 2𝑉
=

2𝐺𝜃
𝑝
𝑆

(2.74)

𝜏𝑚𝑎𝑥 =
𝑀𝑡

2𝑉
 
𝜕𝑤

𝜕𝑛
=

𝑀𝑡

1
3 ℎ𝑏2

(2.75)
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𝑀𝑡 =
4𝑉𝐺𝜃

𝑝
𝑆

=
1

3
ℎ𝑏3𝐺𝜃 (2.76)

  𝜃 =
𝑀𝑡

1
3 ℎ𝑏3𝐺

(2.77)
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Ι𝑡 =
1

3
∑ 𝑡𝑖

3𝑠𝑖

𝑛

𝑖=1

𝑆1 = 58𝑚𝑚    𝑆2 = 120𝑚𝑚 

𝑡1𝑡2 = 4𝑚𝑚

Ι𝑡 =
1

3
(6 ∗ 58 ∗ 43 + 120 ∗ 43)

Ι𝑡 = 9984𝑚𝑚4

𝐼𝑝 =
𝜋𝐷4

32
= 8199655001 = 81,99655 ∗ 106𝑚𝑚4

𝑀𝐴 + 𝑀𝐵 = 𝑀𝑡

τ𝐷 =
𝑀𝐴

Ι𝑝
𝜌𝑑

𝑀𝐴 =
τ𝐷Ι𝑝

𝜌𝑑

𝑀𝐴 =
1,6 ∗ 81,997 ∗ 106

50
= 2623904𝑁𝑚𝑚 = 2,6𝑘𝑁𝑚

Mt 

A C

1

1

2

2

2 - 21 - 1

B

b = 0,5 m

58

a = 2 m

170 mm

D

5
0 D

c = 0,8 m

0,25 0,25

584

5
4

5
4

4
4

4
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−
𝑀𝐴 ∗  2000

𝐺 𝐼𝑝
−

𝑀𝐴 ∗  500

𝐺 𝐼𝑡
+

𝑀𝑡 ∗  250

𝐺 𝐼𝑡
= 0 𝐺 ∗ 𝐼𝑡⁄

𝑀𝐴 ∗  2000 ∗ 𝐼𝑡

 𝐼𝑝
+ 𝑀𝐴 ∗ 500 = 𝑀𝑡 ∗  250

𝐼𝑡

 𝐼𝑝
= 1,22 ∗ 10−4

500𝑀𝐴 = 250𝑀𝑡

2𝑀𝐴 = 𝑀𝑡

𝑀𝑡 = 5,2𝑘𝑁𝑚

𝑀𝐴 + 𝑀𝐵 = 𝑀𝑡

𝑀𝐵 = 𝑀𝑡 − 𝑀𝐴

𝑀𝐵 = 2,6𝑘𝑁𝑚

𝜑𝐶 =  
𝑀𝐴 𝑎

𝐺 𝐼𝑝

𝜑𝐶 = 0,000792 = 0°27′14"

   𝑊𝑝 =
𝜋 𝑑3

16
= 964665,29𝑚𝑚3

    𝜏𝑚𝑎𝑥1 =
𝑀𝐴 

𝑊𝑝
= 2,695𝑀𝑃𝑎

    𝜏𝑚𝑎𝑥2 =
𝑀𝑚𝑎𝑥 

𝐼𝑡
𝑡𝑚𝑎𝑥 = 1,024𝑀𝑃𝑎
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𝑈 =
𝑀𝑡

2𝑎

𝐺𝐼𝑝
+

𝑀𝑡
2𝑏

𝐺𝐼𝑡
=

(2,6 ∗ 1000)2 ∗ 2000

2,08 ∗ 1000 ∗ 81,99 ∗ 106
+

(2,6 ∗ 1000)2 ∗ 250

2,08 ∗ 1000 ∗ 10154,67

𝑈 = 104,12𝐽





𝐼𝑝1 =
𝜋𝐷4

32
= 𝐼𝑝 =

𝜋1604

32
= 103059947 = 1030 ∗ 104𝑚𝑚4

𝐼𝑝2 =
𝜋(𝐷4−𝑑4)

32
= 𝐼𝑝 =

𝜋(1604 − 1204)

32
= 82702426 = 8270,24 ∗ 104𝑚𝑚4

−𝑀𝐵 𝑏

𝐺 𝐼𝑝1
−

𝑀𝐵 𝑎

𝐺 𝐼𝑝2
− 

𝑀𝐵 𝑎

𝐺 𝐼𝑝1
+

𝑀𝑡 𝑎

𝐺 𝐼𝑝2
+

𝑀𝑡 𝑎

𝐺 𝐼𝑝1
+

𝑀𝑡  𝑎

𝐺 𝐼𝑝1
= 0/∗

 𝐺 𝐼𝑝1

𝑎

𝑀𝐵 𝑏

𝑎
+

𝑀𝐵 𝐼𝑝1

𝐼𝑝2
+  𝑀𝐵 =

𝑀𝑡  𝐼𝑝1

𝐼𝑝2
+ 𝑀𝑡 + 𝑀𝑡

𝑏

𝑎
= 1,5

𝐼𝑝1

𝐼𝑝2
= 1,246

 1,5𝑀𝐵 + 1,246𝑀𝐵 + 𝑀𝐵 = 1,246𝑀𝑡 + 2𝑀𝑡

A B1

2

3

C
D1

a = 1,0 m b = 1,5 ma 

Mt

D2

Mt

D1
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3,75𝑀𝐵 = 3,124𝑀𝑡

𝑀𝑡 = 1,199𝑀𝐵

𝜑 =  
𝑀𝑡  𝑙

𝐺 𝐼𝑝

𝜑𝐶 =  
𝑀𝐵  𝑏

𝐺 𝐼𝑝1

0,065 =  
𝑀𝐵 1500

0,8 ∗ 105 ∗ 103,05 ∗ 106

𝑀𝐵 = 357240000𝑁𝑚𝑚 = 357,24𝑘𝑁𝑚

𝑀𝑡 = 428289437,5𝑁𝑚𝑚 = 428,9𝑘𝑁𝑚

𝑀𝐴 + 𝑀𝐵 = 2𝑀𝑡

𝑀𝐴 = 𝑀𝐵 − 2𝑀𝑡 = 499,34𝑘𝑁𝑚

    𝜏𝑚𝑎𝑥1 =
𝑀𝑡 

𝑊𝑝

   𝑊𝑝 =  
𝐼𝑝

𝑑
2

=
𝜋 𝑑3

16
=

𝜋 1603

16
= 1145100,522𝑚𝑚3

    𝜏𝑚𝑎𝑥1

    𝜏𝑚𝑎𝑥2 =
𝑀𝑡 

𝑊𝑝

   𝑊𝑝 =  
𝐼𝑝

𝑑
2

=

𝜋(𝐷4−𝑑4)

32
(𝐷 − 𝑑)

2

= 2756747,55𝑚𝑚3
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    𝜏𝑚𝑎𝑥2
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