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1. Introduction

Definition 1. Let n # 0 be an integer. We call the set of m distinct positive integers
a D(n)-m-tuple, if the product of any two of its distinct elements increased by n is a
perfect square.
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One of the most interesting and most studied questions is how large those sets can be.
In this paper, we will consider D(4)-quintuples {a, b, ¢, d, e} and without loss of generality
we will assume that a < b < ¢ < d < e. It is conjectured in [10] that all D(4)-quadruples,
such that a < b < ¢ < d, are regular, i.e.

d=dt :a+b+c+%(abc+ V(ab + 4)(ac + 4)(bc + 4)),

which implies that there does not exist a D(4)-quintuple.

The second author in [13] has proven that an irregular D(4)-quadruple cannot be
extended to a quintuple with a larger element and in [14] that there are at most 4 ways
to extend a D(4)-quadruple to a quintuple with a larger element. The best published
upper bound on the number of D(4)-quintuples is 6.8587 - 10%° found by the authors
in [2].

The case n = 1 is the most famous and mostly studied. Dujella proved in [7] that a
D(1)-sextuple does not exist and that there are at most finitely many quintuples. Over
the years many authors improved the upper bound for the number of D(1)-quintuples and
finally, very recently, He, Toghé and Ziegler in [16] presented the proof of the nonexistence
of D(1)-quintuples. To see all details of the history of the problem with all references
one can visit the webpage [6].

Our approach was to use the methods and approach from [16] and apply them to
D(4)-quintuples, but modifications were necessary since not all previously proven results
are comparable in the cases n = 1 and n = 4. One of the main differences is that the result
from [4, Theorem A.], where the authors proved that b > 3a holds for a D(1)-quintuple,
cannot be proven for the D(4) case using the analogous methods. But, in the D(4) case
we have b > a+57+/a, proven by the second author in [15], which can be used with some
modifications to prove similar auxiliary results as in [16]. Throughout the paper we will
give a proof only for statements which differ from the D(1) case, where the modification
of the proof or some new idea was necessary, or some additional explanation is needed
because not all of the proofs from [16] have been explained in the way that it is clear
how to apply the same method in the D(4) case.

One of the sections of the paper will be dedicated to using methods from [3] to get an
improved version of Rickert’s theorem for D(4)-quadruples and use it to get the bounds
on elements of a D(4)-quintuple in the last section of the paper which was necessary to
prove our result.

The last two sections will be dedicated to proving the main result of our paper. Our
main result is the following theorem.

Theorem 1. There does not exist a D(4)-quintuple.

Let us mention that a stronger version of conjecture, i.e. that all quadruples are
regular, still remains open.
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2. Known results about elements of a D(4)-m-tuple

For a D(4)-triple {a,b,c}, a < b < ¢, we define

dy =dy(a,byc)=a+b+c+ %(abci V(ab + 4)(ac + 4)(be + 4)),

and it is easy to check that {a,b,c,d} is a D(4)-quadruple, which we will call a regular
quadruple, and if d_ # 0 then {a,b,c,d_} is also a regular D(4)-quadruple with d_ < c.
Also we will use standard notation r = vab+ 4, s = ac+ 4 and t = /bc + 4.

Lemma 1. Let {a,b,c} be a D(4)-triple and a < b < c¢. Then ¢ = a+b+ 2r or ¢ >
max{ab, 4b}.

Proof. This follows from [12, Lemma 3] and [8, Lemma 1]. O
The next lemma can be proven similarly as [16, Lemma 2].
Lemma 2. Let {a,b,c} be a D(4)-triple and a < b < c. Then abc + ¢ < dy < abc + 4c.

Results from the next two lemmas will be used in the rest of the paper very often, so
sometimes we will not reference them.

Lemma 3. [2, Lemmas 2.2 and 2.3] Let {a,b,c,d,e} be a D(4)-quintuple such that a <
b<c<d<e. Thenb>10°. Also, if c # a+ b+ 2r, then b > 4a.

Lemma 4. [15, Corollary 1.2] If {a,b,c,d, e} is a D(4)-quintuple such that a < b < ¢ <
d<e, then b > a+57+/a.

From [13] we also have that an element d in a D(4)-quintuple {a, b, ¢, d, e} is uniquely
determined by the triple {a,b, c}.

Lemma 5. If {a,b,c,d, e} is a D(4)-quintuple such that a <b<c<d<e, thend=d4.
3. New version of Rickert’s theorem

In this section we will prove a new version of Rickert’s theorem similar to the one in [3],
which is essential to find some upper bounds on the elements of D(4)-quintuple when
¢ > a+b+2r. Unfortunately, in the D(4) case we could not get all results analogously as
in [3] for a D(1)-quintuple, but still, these results will be essential for proving our main
result.

All the results in this section and its proofs are analogous to the ones from [3] so we
will give them without a proof.
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Theorem 2. Put E' = max{4(F — E),4E} and g = gcd(E,F) and let E, F be in-
tegers with 0 < E/g < F/g —4, F/g > 5 and N a multiple of EF. Assume that
N > 59.488E'F?(F — E)%2g~*. Then the numbers

4F 4FE
01 =4/1+ F and 0y =+4/1+ F
satisfy
3.53081 - 1027 E'FN\ !
max{@l—iﬂ,eg—@}>< 5 ) q_’\
q q Eg

for all integers p1, p2, q > 0, where

log(2. E-'E'FNg—2
A loBRS0TSSEIENG)
log(0.04216N2g2 E-1F~1(F — E)~2)

Let {A, B,C} be a D(4)-triple which can be extended to a quadruple with an ele-
ment D. Then there exist positive integers x,y, z such that

AD+4=2? BD+4=y* CD+4=2°

By expressing D from these equations we get the following system of generalized Pell
equations

Cz? — Az? = 4(C - A),

Cy* — Bz =4(C — B).
Solutions of each of these equations can be expressed with a binary recurrent sequences
as described in details in [11]. We will denote them z = v,,, = w,,, where m and n are some
positive integers and we will denote the initial values of these sequences with zg = vy

and z; = wp. If this quadruple is contained in a D(4)-quintuple, then from [14] we know
that m and n are even and 2y = 21 = £2, so we will consider only that case.

Lemma 6. Suppose that there exist positive integers m and n such that z = vay,, = Wy,
and |z1| = 2, and that C > B? > 25. Then log z > nlog BC.

Proof. This lemma can be proven similarly as [11, Lemma 8] or [3, Lemma 3.1]. O
And finally we use Theorem 2 to get a new version of the Rickert’s theorem.

Lemma 7. Let A, B and C be integers, A’ = max{4(B — A),4A} and g = gcd(A, B).
Suppose that there exist integers m > 3 and n > 2 such that z = vay, = Won, 20 = 21,
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|z1| = 2 and that 0 < A/g < B/g—4, B/g > 5 and C > 59.488A'B(B — A)?g~*A~1.
Then

., Hlog(8.40335 10'3(A")2 A2 B2Cg~ 1) log(0.2053342 B2 C(B — A)~1g)
log(BC)1og(0.016858A(A")~1B—1(B — A)~2Cg?) '

Proof. It is easy to see if we set E = A, F = B and N = ABC that we can apply
Theorem 2 and Lemma 6 to get the upper bound on n from the statement of lemma. O

Now we will use these results to prove an upper bound on the element ¢ in a
D(4)-quintuple in the terms of smaller elements a and b.

Proposition 1. Let {a,b,c,d, e} be a D(4)-quintuple such that a < b < ¢ < d < e. Then

237.9520°
c < T .

Proof. If c=a + b+ 2r, then ¢ < 4b < 237.952b3a 1.
Let us now assume that ¢ # a + b+ 2r and that d > 237.952b%. From Lemmas 1 and 3
we know that b > 10°, ¢ > max{ab, 4b} and b > 4a. Then

59.488A4'B(B — A)?
Ag?

< 237.952(b — a)? - g < 237.952b%,

which implies that we can use Lemma 7 for A =a, B =0 and C = d. Now we observe

8.40335 - 10'3(A")2 A2 B2Cg~ ! < 8.40335 - 10'3b%d,
0.2053342B2C(B — A) g < 0.03423bd,
0.016858A(A ) 'B~1(B — A)72Cg¢"* > 0.0042145b*d,
and get

410g(8.40335 - 10'3b3d) log(0.03423bd)
log (bd) log(0.0042145b—d)

It can be shown that the right hand side is decreasing in d and since d > 237.952b%, we
can now observe

410g(1.9996 - 10'6b7) log(8.14272b°)
log(237.9526) log(1.002848)

From the proof of [2, Lemma 3.2.] we know that in a D(4)-quadruple it holds m >

0.618034+/d/b, so

d
n> 0.309017\@ > 0.309017v/237.9526%/2 > 4.7668b%/2.
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By combining the inequalities, we get b < 803, which cannot be true. So we have d <
237.952b* which implies abc < 237.952b%, i.e.

237.952b3
cl ——.
a

4. An operator on Diophantine triples

An operator on triples, defined for the first time by He, Togbé and Ziegler in [16], has
been shown to be one of the crucial steps in proving the nonexistence of D(1)-quintuples.
The same will be true for the D(4) case, so here we define it similarly and state some
analogous results concerning the operator on D(4)-triples. However, we slightly extend
their definition.

Definition 2. A D(4)-triple {a,b,c}, a < b < ¢, is called an Euler or a regular triple if
c=a+b+2r.

For a regular triple {a,b, c} it is easy to prove that d(a,b,c) = rst and s = a + r,
t=b+r.

The following statements about regular triples will be given without proof, since they
are easy to prove as in the D(1) case.
Proposition 2. The D(4)-triple {a,b, c} is a regular triple if and only if d—_(a,b,c) = 0.
Proposition 3. Let {a,b,c} be a D(4)-triple, such that a < b < c. We have

a:d_(b,c,d+(a,b,c)), b:d_(a,c,d+(a,b,c)), C:d—(aab7d+(a7bac))‘
Moreover, if {a,b,c} is not a regular triple, then
¢ = dy (a,b,d_(a,b,)).

In particular {a,b,d_(a,b,c),c} is a regular D(4)-quadruple.

Now we will define an operator on D(4)-triples. The idea follows from the fact that
any D(4)-triple can be extended with a larger element to a D(4)-quadruple {a, b, c,d; }.
Hence, we obtain three new D(4)-triples, {a,b,d+}, {a,c,dy} and {b,c,d;} which we
may consider to be farther away from a regular triple than the original triple {a, b, c}.
We can reverse this observation and define the following operator.

Definition 3. We define 0 to be an operator which sends a non-regular D(4)-triple {a, b, c}
to a D(4)-triple {a’,V’, ¢’} such that

0({a,b,c}) ={a,b,¢c,d_(a,b,c)} \ {max(a,b,c)}.
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If D(4)-triple {a,b,c} is a regular triple, then we define that 0 sends this triple to the
same D(4)-triple {a,b, c}, i.e.

d({a,b,c}) ={a,b,c}.

For D € Ny we can define the operator 0_p on the set of D(4)-triples recursively as
follows.

1. For any D(4)-triple {a,b, c} we define

do({a,b,c}) = {a,b,c}.

2. We recursively define

0-p({a,b,c}) = 0(0_(p-1)({a,b,c})), for D >1.

Moreover, we put

de(aa b, C) =d_ (a—(D—l) ({av b, C}))
In particular, 9 = 0_1 and 9_3({a,b,c}) = 9(0-1({a, b, c})).

Remark. Observe that by using operator 9 repeatedly, for a fixed triple {a, b, c} we get
an infinite sequence of D(4)-triples

d({a,b,¢}),0-1({a,b,c}),0-2({a, b, ¢}),...,0-p({a; b;c}), ...

In the next Proposition we will show that for each D(4)-triple this sequence becomes
stationary after D-th element for some D, which implies that every triple can be obtained
from a regular triple using extensions with dy element explained before. Also, we will
show that the repeating element is a regular triple, and give an upper bound for the
number D.

Proposition 4. For any fized D(4)-triple {a,b,c} there exists a minimal nonnegative in-
teger D < log(abc)/log5 such that d_(p41)(a,b,c) = 0.

Proof. For a regular triple {a,b,c} we have that d_(pi1)(a,b,c) = 0 for each D € Ny

since 0_p{a,b,c} = {a,b,c}, so D = 0. For a non-regular triple, the idea is to use the fact

that ¢ > abd_1(a,b,c) and a’'t'd’ = abd_1(a,b,c) < abe/5 since ab > 5. We can see that
abc

by applying & times the operator 0 we get a’b'c’ < %3¢, so we must have d_;(a', V', ') = 0
for some {a’,b’, ¢’} and the result follows from Proposition 2. O
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Definition 4. For a D(4)-triple {a,b,c} we will say that it has a degree D and that it
is generated by a regular triple {a’,b’, ¢’} if D is minimal nonnegative integer such that
d_(p+1y(a,b,c) = 0 and 0_p({a,b,c}) = {a’,V', '}. If the triple {a, b, c} is of degree D
we will write deg(a,b,c) = D.

Remark. Let us now observe an example of these definitions. The D(4)-triple {1,5,12}
generates 3 triples of degree 1, {1,5,96}, {1,12,96} and {5,12,96}, and 9 triples of
degree 2, one of them is {1,12,1365}. It is not hard to see by induction that each
D(4)-triple generates 3% distinct triples of degree k. More precisely, we can see from
the definition that all triples of degree 1 are distinct. Let us assume that all triples of
degree k are distinct and let us observe two triples of degree k + 1, namely {a,b, c}
and {a’,b',c'}. Tt is enough to notice that triples 9_1({a,b,c}) and 0_1({a’,¥’,c'}) of
degree k are either the same triple or they are distinct. In the former case, we conclude
as in the case when degree is 1 that {a,b,c} and {d/,¥,c'} are distinct. In the latter
case, if {a,b,c} and {a’, ¥, ¢'} were not distinct that would imply that 0_;({a,b, c}) and
0_1({d’, V', c'}) were equal, which would lead to a contradiction.

5. System of Pell equations
Let {a,b,c} be a D(4)-triple, a < b < ¢, and r, s,t positive integers such that

ab+4=12 ac+4=s% be+4=1t%

Suppose that {a,b,c,d, e} is a D(4)-quintuple, a < b < ¢ < d < e, and as before
ad+4 =22 bd+4=19% cd+4=2

x,y,z € N. Then, there also exist integers X,Y, Z, W such that

ae+4=X2% be+4=Y? ce+4=27% de+4=W?>
From [13, Theorem 1] we have d = d,, which implies

at +rs _bs+rt cr + st

2 YT Ty 2

By eliminating e from the equations above, we get a system of generalized Pell equations

aY? —bX? = 4(a —b), (1)
aZ? —cX?* =4(a —c), (2)
bZ? —cY? = 4(b - ¢), (3)
aW? —dX? = 4(a — d), (4)
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VW2 —dY? = 4(b— d), (5)
cW? —dZ* = 4(c — d). (6)

The next lemma, which is a part of Lemma 2 in [10], gives us a description of solutions
of Pell equations (1)—(6).

Lemma 8. If (X,Y) is a positive integer solution to a generalized Pell equation
aY? —bX? = 4(a —b),

with ab+ 4 = r?, then it is obtained from

n
b
Yva+ XVb = (yova+ zoVb) <T +2ﬁ> ;
where n > 0 is an integer and (xo,yo) is integer solution of the equation such that

and 1< |y0| < W.

| < o < a(b—a)
>~ L0 > 7”—27

By applying this Lemma to the equations (1)—(6) we obtain

h/
xXVb =, n Vab
Yva+ XV =Y Va+ XV = (Yova + Xovb) <T+2 : )

j/
ZVa+ X\e= 2 Va+ X5 e = (Ziva+ X1ve) (8 +2\/ﬁ> ®

ZVb+Ye = Z0Nb+ Ve = (ZoVh + Yav/e) ( (9)

k/
t+ Vbe
2
l/
a a d
Wva+ XVd =W /a+ X\ VA = (Wsva + X3Vd) (W) (10)
Wb+ YVd=WESDb+ v SV = (Wavb + YaVd) <y+2\/@> (11)

C C d "
W+ zZVd=WSD/e+ 29DV = (Wive + Z5Vd) <#> (12)

where b/, 7', k', I',m',n' are nonnegative integers, and Yy, Ya, Yy, Xo, X1, X3, Z1, Zo,
Zs5, W3, Wy, Ws are integers which satisfy appropriate inequalities from Lemma 8. Each
sequence of solutions can be expressed as a pair of binary recurrence sequences, so for
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example, a sequence of solutions (Yh(,a ’b),X}(L‘,l’b)) to equation (7) satisfy the following
recursions:

(ap) 7Y+ 00Xy

a,b a,b a,b a,b
YD v,y v _ @) yab)

5 v Thipo =T R ho

b

X Y.
rXo+aXy X(a,b) . TX(a,b) X}(ﬂ,b)

(ab) _ (ab) _
Xo 7 =Xo, Xy = 9 ; 42 = TAprgr =

which can easily be proven by induction.
We will now state and prove some lemmas about initial values of the sequences of
solutions and about its indices A, j/,I', k', m’,n’.

Lemma 9. [1/4, Lemma 3] If W = V[/l(,a’d) = Wr(rf,’d) = WT(L(,:’d), then we have I’ = m’
n' =0 (mod 2). Also,

Ws=Wy=W5=2e=42 and X3=Y,=75=2.

In the next lemma we will prove a similar result for the remaining indices and initial
values of sequences. The proof defers from the one in [16] so we give it in detail.

Lemma 10. We have h' = 7' = k' =0 (mod 2) and
Xo=X1=Yo=Ya=21=2,=2.

Proof. Let us consider the system of the equations (1) and (5).
From Lemma 8 we have the bound on Yy, |Yy| < b%/*a=1/4, and since Yh(,a’b) satisfies
the recursion

Yo +0Xo - plah) _ et _ylad

a,b a,b
Yo( ):YOv Yl( )= 9 ’ h'+2 h'+1

we easily see that

Y(a,b) —

{Yo(a’b) (mod b), A’ even,
IS

Y (mod b), A’ odd.
On the other hand, for Y,Elb,’d), from Lemma 9, we have

v v, =2, v =y, VO =gy D —y G

and since we know that m’ is even, we obtain Yslb,’d) =2 (mod b).
We consider Yh(,a P — D and let us assume that A/ is odd. Then

m

%(TYO +bXp) =2 (mod b)
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and since bXy = 0 (mod b), we have
1
bXo — i(rYO +bXo) = —2 (mod b),
ie. 2(bXo —rYp) = —2 (mod b). Now, we observe

(bXo — rYo)(bXo +1Yy) = b2 X3 — r?Y7 = b(aY? +4(b — a)) — abYy — 4Y{
= 4b(b — a) — 4Y.

Since |Yp| < b3/4a~1/*, we have
4b(b — a) — 4Y2 > 4b(b — a) — 4b%/2a7V2 = 4b(b — a — (b/a)"/?),

and since the right hand side is increasing in b, and from Lemma 4 we know that b >
a+ 57+/a, we get

1/2
b—a—(b/a)/? > 57/a — <1+ 3—2) > 0.

So we can conclude that Xy — r|Yy| > 0. On the other hand, we can easily see that
b2 XE — r?Y§ < 4b%, ie. 3(bXo — r|Yo|) <b.

Now, let us consider the following two cases:

L) If Yy > 0, then 1(bXo—r[Yo|) = 2 (bXo—rYp) so we must have £ (bXo—rYy) = b—2.
Observe that

4b? 4b?

bXo + 1Y, _
S s A T

Copy o4

%+ 4.1,
%4 51T

Since b > 10° implies » > 316 and both addends on the right hand side of the inequality
are positive, the only options for Xy are Xg = 1 and Xy = 2. If Xg = 1, by direct
computation we can see that there is no Yp in the bounds given by Lemma 8 that satisfy
equation (1). For Xy = 2 we get only Yy = 2. But, then we would have 3(2b — 2r) =
b—r=05b-—2,ie. r =2 which cannot be.

2.) If Yy < 0, then £ (bXo — r|Yp|) = £ (bXy +1Yp) so we have 1(bX, +rYp) = 2. This
implies

b_
bXo — 1Yy < 26Xy < 2b “(42“) < 20V,
—

since a < r — 2 (otherwise we would get b < a + 4, which is in a contradiction with
Lemma 4). We also have that 4b(b — a) — 4Y7 > 4b? — 4ab — 4bv/b = 4b(b— a — v/b), since
YZ < b%/2, so we can conclude
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4b(b—a —b) _ 4b(b—a — V/b)
4=bXy+rYy > > —
S5 A 20v/b

(b—a—\/l;),

S

e Vb—1- % <2
After squaring this expression and solving the quadratic inequality in b we get b <
+ 3(\/4a+ 9+ 3). Again, by Lemma 4 we also have b > a+ 57\/a, and from these two
1nequahtles we would get a < 1, a contradiction.

Hence, h' must be even. From Yy = 2 (mod b) and |Yy| < b*/* we conclude Yy = 2
and by direct computation from (1) we also get X = 2.

Now, we consider the system of equations (2) and (6). The proof is very similar to the
previous case, so we omit details and only emphasize that here we use ¢ > a + b+ 2r to
get a contradiction in the case that j’ is odd. The same argument is used to prove that
k" is even when we consider the system of equations (3) and (6). O

From the previous lemmas we see that equations (7)—(12) actually have form:
_|_
Yva+ XVb = (2ya+ 2vb) (r \/_> : (13)

2+ xve= (e (1) y (14)

ZVb+ Y e = (2f+2\f)<t+¢_> :

Wa + XvVd = (2ev/a + 2vd) $+r>

Wb+ YVd = (2eVb + 2V4d) ( ) (17)
We+ ZVd = (2e/c + 2Vd) (

z+\/_>

6. Gap principle and classical congruences

We have already observed, if there exists a nonnegative integer e such that the
D(4)-quadruple {a,b, c,d} can be extended to the quintuple {a,b, c,d, e} then the equal-
ities (13)—(18) are satisfied for some nonnegative integers h, j, k, I, m, and n. We will
now state and prove which relations hold between these indices, but first we will state
without proof some known relations.

Lemma 11. [12, Lemma 5] If Z = Z{"” = Z:°), then k — 1< j < 2k + 1.
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Lemma 12. [1/, Lemma 4] If W = WQ(la’d) = WQ(Z’Ld) = WQ(Z’d), then8 <n<m<1[<2n.

As we can see, so far no one has considered relations between h and other indices. We
will now prove which relation holds between m and h and improve the relation between
m and [.

Lemma 13. We have 21 < 3m and m <1, for m > 2.

Proof. From (10) and (11) by expressing solutions explicitly we have

l l
W(md)id—i—&:\/@ z 4+ Vad +—d+€\/@ z—Vad
: Vad 2 Vad 2 ’
and
e _ d+eVhd (y+vod\" | —dtevbd (y-Ved\"
" Vbd 2 Vbd 2 '

Firstly, let us prove that 2] < 3m by observing that we must have Wg(la’d) = Wéz;d).
2m
Notice that x — vad < 1, which implies that also (z_—\/‘a%ﬁ) < 1 and since —d +
evad < 0, we have

—d+evad [z — Vad 2’”>fd+sm>fdfm
Jad Jad Jad = ad

Moreover, notice that the second addend in the expressions for Wl(a’d) and W,Sf ’d), re-
spectively, is negative since d > b > a, i.e. d > Vbd > Vad. Now, it is easy to see
that

(a,d) _ yy7(b,d)
Wy =W, <

2m

21
d+evad [z +Vad 7d+\/@<
Vad 2 Vad

2m
<d+6\/w y +Vbd
Vod 2 '

On the other hand,

1
+ 2 2

dvad | od_(yevia\_ (yavea)
Vad  Vad ’

so we get the inequality
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d+evad (= +Vad 21< dt+evhd |\ (y+ Vb o
Vad 2 Vbd 2

which implies that

z 4+ Vad . a d+ (e+1)Vbd [ y+ Vbd o
<2><\/;d+s\/@<2>'

From /a/b(d + (¢ + 1)vbd) < \/a/b(d +2vbd) = \/a/b-d + 2V ad < d + 2v/ad we have

21 2m
x4+ Vad <d+2\/@ y +Vbd
2 d+evad 2 '

Assume now the opposite, i.e. that 21 > 3m + 1. Then, we have

3m—+1 2m
x +Vad <d+2\/@ y +Vbd
2 d+ evad 2

and the inequality (z + vad)/2 > (d + 2vad)/(d + eV ad) implies
3 2
(m—&-x/ad) <y+\/bd)
B e— < .
2 2
Since = + vVad > 2vad and vbd+4 < Vbd + 2/Vbd, we have y + Vbd < 2vbd +

2/vbd < 2vbd (1 +1/(bd)) < 2v/bd (1 + 1/B§) where By < b. Now we get to observe
the inequality

3 2 (1LY
(Vad)® < (Vo) (1+Bg)

and after squaring, inserting abc < d and canceling we get

1 4
4
ac<b<1+B—g> .

For By = 10°, we see that the inequality cannot be true for a > 1 or for ¢ > 4b. It
remains to investigate the case where a = 1 and ¢ = a + b + 2r. In this case we have

4
1
1+b+2\/b+4<b<l+ﬁ>
0

and for By = 10° we get b > 2.5-10%° and that value can be used as a new value for By.
After inserting this value we get an inequality which has no positive integer solution b.
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So each case leads to a contradiction, which implies that our assumption was wrong, i.e.
we have 2 < 3m.
Now we assume m = [. Similarly as before, we observe that we have

2m
d bd bd d bd
+&vbd <y+\/_> B +\/_<W2(:)T,Ld):W2(;zn,d)

Vbd 2 Vbd

2m
<d+5\/@ x4+ Vad
Vad 2

and since d + vbd < ((y + Vbd)/2)?, we get

2m 2m
d+evbd—1 (y+Vbd <d+5\/@ z+ Vad
Vbd 2 Vad 2

and after multiplying and rearranging we get

2m
y +Vbd <\/§. d+evad
z +Vad a d4evbd—1

But, we have

d+evad <d+\/ﬁ_1+ 2Vbd_ 2
d+evbd—1 d—+/bd d—/bd A1
2 VB +1
<1+ = vootl
VBo—1 By—1

where the last inequality is true since d/v/bd = \/d/b > +/abc/b = \Jac > Vb > \/By.

So, it must hold
2m
y +Vbd _ b VBl
x—|—\/@ a \/B()—l.

On the other hand, it is easy to see that

<y+\/@>2> b’

x—!—\/@ a

a

which, with the previous inequality, leads to the conclusion that

<E>(m—1)/2 . \/Bi()—f— 1
a \/Bo—l.
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From [2, Lemma 3.2] we can conclude that I’ = 21 > 0.61803d'/* > 0.61803-10%/4 > 195.
Also, from Lemma 11 we have 2] < 4m + 1 so m > 48. Now we observe

é 47/2 B /—BO+1
a \/Bo—l

i.e.

V BO + 1a47/2
VBo — 1

and by solving this inequality in a for By = 10° we obtain a > 4.484 - 10'° which can be

(a+57va)""/? < b¥7/? <

used as a new value for By, since b > a. By iterating this process we get a contradiction,
this time a contradiction with the upper bound b < 103¢ from [2]. We can now conclude
m#l. 0O

Lemma 14. We have h > 2m.

Proof. Similarly as in the previous Lemma, for sequences YQ(;: *) and Y;f;’d) we have

2h 2h
ylab) _ b+ +vab [ r+Vab +—b+\/ab r—+vab
2h Vab 2 Vab 2 ’
2m 2m
(b,d) b+ Vbd [ y++Vbd —eb+vbd [ y—Vbd
v = + -
Vbd 2 Vbd 2

1Y = Vi = v we have

2m 2m
Vbd —b+/bd Vbd .
(1 - b/d) <L> < 227 (y + > <y 0D ylan

2 Vbd 2
2h 2h
< b—i\—/%% (r +2\/%> < (1—1—\/b/_a) (r +2\/@> .

VA(arvVh) - riab
Vaa—ve) <2

It is easy to see that , S0 we have

<y+\/w>2m<l+\/b/7a<r+\/%>2h<(T—’_\/E)Qh—i-l'

2 1—/b/d 2 2
Since
2
%\/m>\/@>\/ab2cz \/abQ(a+b—|—2r)>r2><T+2\/%> ,
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we get

4 2 2h+1
r+ab " y+\/ﬁ " r+ab
2 < 2 < 2 ’

and it is easy to conclude 4m < 2h + 1,i.e. 2m < h. 0O

Now, we will shortly prove classical congruences associated with D(4)-quintuples.
Lemma 15. Let {a,b,c,d, e} be a D(4)-quintuple. Then
agl® 4+ 21 = bem?® + ym = cen® + zn (mod d).
Proof. If we observe the sequence W2(la’d) we see that
Wara = aWarp1 — Way = a*Woy — (aWar—y — War o) — Wapop — Wy =
= " Wayy — Way — Wa_g — Way = (2° — 2)Way — Wa_o.
As in [10, Lemma 3] it is easy to prove
Wz(la’d) = 2¢ +d(acl® + z1) (mod d?),

and since W = WQ(la 4 WQ(f,’Ld) = WQ(fL’d), and analogous results hold for all sequences,

for a D(4)-quintuple we get
agl® + xl = bem?® 4+ ym = cen® + zn (mod d). O

Unfortunately, using these congruences and methods from [16] we could not get m >
a/d/b for some coefficient o as “large” as the one proved for D(1)-quintuples in [16].
Our largest possible « was obtained after adjusting the method from [5, Proposition 3.1],
which we have also used in [2] to get a similar coefficient for D(4)-quadruples. We omit
the proof since it is similar to the one given in detail in [5].

Lemma 16. Let {a,b,c,d,e} be a D(4)-quintuple such that a <b < c<d < e, WQ(la’b) =
Wg(z;d) and %m >1>m > 2. Assume that a > Ag, b > By and d > Dqy, b > pa, p > 1.
Then

> ab~ 1242
for every real number « that satisfy both inequalities
o® +a(l+2B;'Dyt) <1, (19)

20
50 Ha(Boh+p7 ) +2D5 (A + ') < By, (20)

_ Aog+4
where \ = \ pAsTd
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Now we use this result to get lower bounds on indices in the terms of ac.

Lemma 17. Let {a,b,c,d,e} be a D(4)-quintuple. Then | > 0.499997/ac, 7 > m >
0.333331y/ac and h > 0.666662/ac.

Proof. By inserting p = 1, Ag = 1, By = 10° and Dy = 10'° in the inequalities from
Lemma 16 we compute that o = 0.499997 satisfies both inequalities (19) and (20). The
statement now follows from Lemmas 12, 13 and 14 and the fact that d > abc. O

7. Linear forms in logarithms

In this section we use different methods to find a good upper bound on the index
h and the product ac in a D(4)-quintuple. Even though many authors usually apply
Matveev’s theorem on a linear form in logarithms from [18], we will use Aleksentsev’s
version of the theorem from [1] as authors in [5] did and which we also applied in [2]
because it will give us slightly better bounds.

For any non-zero algebraic number v of degree D over QQ, with minimal polynomial
A Hle (X —~U )) over Z, we define its absolute logarithmic height as

D
h(’v)=% 1ogA+Zlog+‘(v(j))‘ :
j=1

where log™ a = log max {1, a}.

Theorem 3 (Aleksentsev). Let A be a linear form in logarithms of n multiplicatively
independent totally real algebraic numbers aq, ..., ay, with rational integer coefficients
bi,...,by. Let h(cy) denote the absolute logarithmic height of a; for 1 < j <n. Let d be
the degree of the number field IC = Q(ax, ..., o), and let A; = max (dh(a;),|log o], 1).
Finally, let

_ [bil byl
E_max(1g'l?')<(n{A-+Ai 3. (21)

J

Then

log|A] > =5.3n 7" (n+ 1)t (n + 8)%(n + 5)31.44"d* (log E) A; - - - A, log(3nd).

Let us define the linear form in logarithms

r+2x/%_2jlogs+\/%+lo Ve(ya+Vb)

2 T VhVatve)

Analogously as in [16, Lemma 17] we can find the bounds for A;.

A1 :=2h IOg
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Lemma 18. We have 0 < Ay < (HT\/E) .

To apply Theorem 3 first we must find values of the parameters, and we can easily
see that

TL:3, d:4, b1 :2h, b2:—2j, b3:1;
ot Vab _stvae VeVt

3= —=—"—

Vb(Va+\/e)

As in [16, Lemma 19], it can be easily shown that aj, as and a3 are multiplicatively
independent. Also, it is not difficult to see that h(a;) = 3logay and h(az) = % log as.
The minimal polynomial of g is

p3(X) = b*(c — a)?’X* — 4b%c(c — a) X3+
2bc(3bc — a® — ac — ab) X?* — 4bc* (b — a)X + (b — a)?

divided by the greatest common divisor of its coefficients, which we will denote with g.

The zeros of the polynomial p3(X) are f; = M, Bo = M, B3 =

Vb(va+/e) Vb(—Va+v/e)
%ﬁi‘\/fg and ag. It holds
p1<Ps<1
and
1 <as < fo,

which implies

20 \2
h(az) = (log % + log a3 + log ﬁg)

I N

<~ (log(b*(c — a)*) + log az + log B2) -

We can observe that

c(va 2
<log(b2 (c —a)?) +log W)

h(as) 2

IN

log(cb(c — a)(va+ vb)?)

log ¢* = logec.

A\
I N B SN
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Since the function on the right hand side of the inequality in Theorem 3 is decreasing in
A3 we can take

1
A = 4510ga1 =2logai, As=2logas, As=4logc=logct.

Observe that A7 < As < Az and j < h, so we have F = maX{IOE’;NZ’)}. Since
0.66y/ac > 0.66r > logr3, which is true for every r > 10, we have h > 0.66\/ac >
3logr > 3log ay which implies 2h/log ay > 3, i.e. we can take E = 2h/log «; and apply

Theorem 3 to get,

2h
log|Ay] > —5.3n%5""(n + 1)" " (n+8)%(n + 5)31.44™d* log og
aq

-2log g - 2log g - 41og ¢ - log(3nd).
On the other hand, from Lemma 18 and the fact that |by|A; < |b2| A2 we have
log|A1] < —4jlogas < —4hlogas,

which now implies

2h
4hlogay < 5.3n°57"(n 4+ 1)" T (n+8)2(n + 5)31.44"d* log og
0og (1

-2log g - 2log g - 4log ¢ - log(3nd).
We put n = 3, d =4 and get

h

< 6.005175 - 101! log az log c,
log 2h — log log v/10° 802108

where we have used a1 > vab > v10°. Now we use that as < vac+ 4, ¢ < ac and since
the left hand side of the inequality is increasing in h we can use h > 0.666662+/ac to get

ac < 1.08915 - 103 (22)

and

h < 6.95745 - 1016, (23)

We collect these observations in the next Proposition.
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Proposition 5. Let {a,b,c,d, e} be a D(4)-quintuple such that a < b < ¢ < d < e, then
ac < 1.08915 - 1034 and h < 6.95745 - 10'S. Moreover,

h
log 2h — log log v/10°

< 6.005175 - 10 log a log c.

To get a sharper bound on ac and h, which we need later, we will use the Proposi-
tion 5 together with a tool due to Mignotte [19] in combination with Laurent’s theorem.
Laurent’s theorem is needed to resolve some cases in Mignotte’s theorem. First, we will
state Mignotte’s theorem and show how can it be applied to D(4)-quintuples. We aim to
give the most general algorithm to find appropriate parameters, so it can be clear how
we can easily repeat the procedure multiple times to get better results.

Theorem 4 (Mignotte). We observe three non-zero algebraic numbers aq, s and as,
which are either all real and greater than 1 or all complex of modulus one and all dif-
ferent from 1. Moreover, we assume that either the three numbers oy, as and as are
multiplicatively independent, or two of these numbers are multiplicatively independent
and the third one is a oot of unity. Put

D= [Q(Oq, a9, Ckg) : Q]/[R(Oél, a9, ag) : R]
We also consider three positive coprime rational integers by, by, bs, and the linear form
A = bylog as — by log ay — b3 log ag,

where the logarithms of ay; are arbitrary determinations of the logarithm, but which are
all real or all purely imaginary. And we assume also that

ba|log az| = bi|log a1 | + bs|log as| £ [A].
We put
d1 = ng(b1,b2), d3 = ng(b3,b2), b1 = dlbll7 b2 = dlbé = dgbg, b3 = dgbg

Let p > e be a real number and put A\ = logp. Let a1, a2 and as be real numbers such
that

a; > p|log ;| —log |ay| + 2Dh(e;), i=1,2,3,
and assume further that
0 :=ajazaz > 2.5, and A:=min{ay,aq,as} > 0.62.

Let K, L and M be positive integers with
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L>4+4+D, K=|MQL|, where M > 3.
Let 0 < x <2 be fized. Define
€1 = max {(XML)Q/?’, \/QML/A} ,

¢3 = max {21/3(ML)2/3, \/M/AL} :
cs = (6M*)Y3L,

and then put

Ry = |c1agasz|, S1=|ciaas], Ti=|ciaraz],
Ry = |cpa0a3|, S2 = |cearaz], To = |cearaz],

Rs = |csasasz|, Ss=|csaraz], T3 = |czaiasz].
Let also
R=Ri+Ry+R3+1, S=5+5+85+1, T=T+T,+T5+1.

Define

R S T }

Co = Imax
{ La2a3 ’ La1a3 ’ La1 a9

Finally, assume that

KL L 2K
> (D + 1)log L 4 3gL%co + D(K — 1) logb + 2log K,

where

_17 KL Y = ﬁJr% b_§’+b_’2’ '5_63C%QQL2Xb/
I=3 rsT " \w a)\a Ta) VT Takz

Then either
log|A] > —(K L+ log(3K L))\,
or (A1) there exist two non-zero rational integers ro and so such that
roba = soby

with

191

(25)



192 M. Bliznac Trebjesanin, A. Filipin / Journal of Number Theory 194 (2019) 170-217

(S1+ DT +1)
M-T

|7,0| < (Rl + 1)(T1 + 1)

< MoT, and |so| <

where

M = max{R1 +S1 + 1,51 —|—T1 + ].,Rl +T1 + 1,XV},
V=R +1)(S +1)(Ty + 1),

or (A2) there exist rational integers r1, $1, t1 and ta, with 1151 # 0 such that
(t1b1 + 7r1b3)s1 = ribatz, ged(ry,t1) = ged(s1,t2) =1,
which also satisfy

(Ry +1)(S1+1)
M —max{Ry, S}’
(S1+ 1)(Ty +1)
M — maX{Sl,Tl}’
(Ri +1)(Ty +1)
M — maX{Rl,Tl}’

\T151| Sé

[s1t1] <6 -

|7’1t2| S (5

where § = ged(ry,s1). Moreover, when t1 = 0 we can take 1y = 1, and when
to = 0 we can take s1 = 1.

We consider the linear form
A=—-A; =2jlogas — 2hloga; — log as.

It is important to notice that we have ¢ > b > 10°.
As before we have

D=4, by =2h, by=2j, b3=1,
and we can again take
1 1
h(ay) = 3 logay, h(az)= 3 logas, h(az) <loge.

Observe that

log a3 < log <1 + \/%> < log2 < 0.694.

Now we have to choose a; > p|log a;| — log|a;| + 2Dh(e;) for i € {1,2,3}. In each case
we have |log ;| = log |a;| = log ;. Let ¢ = 1, then
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ay > ploga; —logag +4-logay = (p+ 3)logay
and a similar observation is true for ¢ = 2. For ¢ = 3 we have
az > plogas —logas+2-4-loge,
so we see that we can take

a1 = (p+3)logas
az = (p+ 3)log az
ag = 8(logc+ 0.08675(p — 1)).

For the simplicity of the proof we will give intervals for parameters M, L and p, but
we will not give their explicit values, because we will search within these intervals to
find the values which give us the best possible bound on index h. From now on, when
ever is needed, we assume that x = 2, p € [5.5,14], L € [700,1500], and M € [3,10].
These intervals were chosen since they seemed sufficient, after observing some random
values, for finding an optimal value for upper bound on A and also because they satisfy
all conditions needed, as we will prove.

Now, let us observe which conditions these parameters must satisfy so we can use
Theorem 4.

It is easy to see that we always have a1 < ag, s0 A = min{a;, as,a3} = min{a;,as}.
If A =a; we have A = (p+ 3)loga; > 5logvab, and if A = a3 then A > 8loge,
so in either case it is A > 0.62. Moreover, it is also easy to see that we always have
QO = ajasaz > 2.5.

The values ¢1, ¢ and c3 can easily be calculated for specific values of the parameters.

We get an upper bound for ¢y after observing that

R _R1+R2+R3+1<01+CQ+03+1
Lasas Lasas L

and since the same is true for S and T', we have ¢y < (¢1 + ca +¢3+1)/L.
Also

Q = ajasaz = 8(p + 3)? log a; log az(log ¢ + 0.08675(p — 1))
and
K = |MQL| = |8ML(p + 3)*log a; log as(log ¢ + 0.08675(p — 1)) |.

To see when inequality (24) holds, let us observe it part by part:
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We have MQL —1 < K < MQL so

KL L 2K
T il .
(2 +3 3L>)\+2Dlog136>
L 2 L 2 L
MOL(Z - = )a- (2 -2 Z 1 2Dlog 1.
> (2 3L)/\ (2 3L)/\+(4 )A+ 0g 1.36

L 2
=8ML(p+3)? (— — —) Alog aq log as log ¢

L 2
+8ML(p + 3)* (5 - 3—L> A -0.08675(p — 1) log ay log arg

L L 2
——1 2Dlog1.36 — | — — — | A\
+<4 ))\—i— 0g 1.36 (2 3L>>\

On the other hand, for the expressions on the right hand side of the inequality (24) it
holds:

1. Since we can use ac < 1.08915 - 1034 we get a numerical value
(D+1)log L +2log K < 5log L + 2log(8M L(p + 3)?log? Vac + 4log ac).
2. Also, from g = 1/4 — (K?L)/(12RST) < 1/4 we get
39L%coQ) < %LQCog < %LQCO -8(p+ 3)%*log a1 log as log ¢
+ ZL%O -8-0.08675(p — 1)(p + 3)? log g log avs.
3. To approximate the last part of the right hand side of the inequality, observe that

from inequalities log a3 < 2log a; and Ay > 0 we have 2(h+1)loga; —2jlog s > 0,
which gives us

b by +2
2 0 +
a1 a2

Also, since 2logas > logc and p > 5.5, we have bs/as < 2/a3 and since j < h we
get

, (4h 4+ 2)(2h + 2)
< .
8(p+ 3)logasloge

Using ¢ > 10°, h < 6.95745 - 10'6 and values of the parameters, we can calculate an
upper bound for ¥’.
Then we have

%>4MQL_1>ML—1
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and

T C(% 3 1 277
lOg b < log Ze m[; b .
Finally,

D(K —1)logh < 4AMQLlogh
=32ML(p + 3)* log blog oy log a2 log ¢
+32ML(p + 3)%logb - 0.08675(p — 1) log oy log avs.

As we can see from above, we have expressions of the form log o log o, log a1 log aig X
log ¢ and numerical values, and to see if some selected values of the parameters M, L
and p satisfy inequality (24) it is enough to compare coefficients of these expressions. For
each selection of values for the parameters M, L and p which satisfy these conditions,
we can apply Theorem 4 and have that either cases (A1) or (A2) hold or inequality (25)
holds. Let us first consider this inequality. We then have

log| — A1| > — (KL +1log(3K L))\
> —(ML?*Q + log(3M L?Q)) log p,
and on the other hand,
log| — A1| < —4jlog as < —4hlog ay
which holds since Lemma 18, so
4hloga; < (ML*Q +log(3M L2Q)) log p.

Notice that ML?Q > 8ML?(p + 3)%logvablog \/acloge > 3.81 - 10'°, and for z >
3.81-10'° we have log 3z < 6.7 - 107192, so we observe

4hloga; < ML*Q(1 +6.7-107'%) log p,

i.e.

0.08675

IML? 2] 146.7-1079) (1 4+ —=
h < (p+3)“logp(1+6.7-107") +log105

(p— 1)) log as log c.

From now on, to shorten an expression z, with G(z) we will denote the numerical
value we get by inserting the values of the parameters x, M, L, p, and later also the
values of the parameters ¢ and p, in the part of the expression for the upper bound of
x which doesn’t contain elements of a triple {a, b, c}. In this expression with G(h(")) we
denote
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0.08675
AV = 2M L log p(1 10710 ~1
G(hD) s= 2M L3 (p + 3 Tog p(1 +6.7-107°) (14 22 (0-1))
so we have h < G(hV) -log as log c.
If the inequality (25) does not hold, then one of the cases (A1) or (A2) holds.
Notice that M > xV > ch/ 2a1a2a3. For each a; we calculate the lower bounds

ag > a; > (p+3)log10%/2 := Ay 5, az > 8(log 10° + 0.08675(p — 1)) := As.

Observe that since as > ay, it always holds max{R;,S1} = R;. On the other hand, the
values of max{S7, 71} and max{R;,7T1} depend on the values of a triple {a, b, c}, so we
must address these cases separately.

Let us denote and observe

(Rl + 1)(51 + 1) < (Claga?, + 1)(61@1&3 + 1)

B1 = ,
M — max{R;, S} Xci’/2a1a2a3 — C1a20a3
T+ e 1
:Xc& (05 1/2+T>“3
9 m 261 aj1as
1+ —— 1 0.08675
<Xl# 0.5¢! /2 | 1/24 8<1+75(p—1)>10gc
T — Ay 2 As log 10
cy 1,2
=: G(By) - loge.

Let us assume that max{Sy,T;} = S;. Then

(Sl + 1)(T1 + 1) (clalag + 1)(01&1(12 + 1)

Bg =
M — maX{Sl» 11} Xci’/2a1a2a3 —ciaias
1+ —— 1
= 7}( c1d143 (O 5 1/2 1/2 ) an
2730, 20

1+% 1
< afiads 051/2+T (p+3)log oz
S T oAz a 2c/" A

2¢1" % A12

X _ 1
€1 1,2
=: G(Bél)) -log as.
On the other hand, if max{S;,T1} = T3, then

(Sl + 1)(T1 + 1) < (clalag + 1)(01@1(12 + 1)
M — max{S1,T1} Xci’/zalagag — c1a102

1+ 2 1

X A <0 501/2 1 — | as
X _ 1 /2

2 1/2 2c¢i' "azas

2cy’ “as

By =
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c1AT 5

1
< - 051/2 —————— | (p+3)logas
§—TA$< 1/2A12A3

=: G(BSQ)) -log g,

where we gave these expressions in the form where it is clear that they are decreasing in
variables a1, as and ag, so we can use lower bounds of these variables to get an upper
bound on Bsy. Observe that

(c1A1243 +1) (1475 + 1) )

G(B ) _ (61A1)2A3 + 1)(6114%’2 + 1)
) 2 -
XC1/ AT 5 A3 — 1 A1 243

3/2 42 2
xey' "AL 9 Az — 1 Al

G(BSY) =

and since these expressions only differ in their denominators, it is easy to see that if
As > Aj,, then G(B") > G(B{Y). Inequality A5 > Ay 5 will hold for p € [5.5,14],
which is a reason why we have chosen that interval for our observations.

Now we define G(B3) = maX{G(Bél)), G(BéQ))}, S0

By < G(Bs2) - log as.
Similarly, first we will assume that max{Ry, T} = Ry, so

(R1 + 1)(T1 + 1) (Cla2a3 + 1)(01&1(12 + 1)

B3 =
57 M —max{R;, T\ }

3/2
XC1' aiaza3 — C1a2a3

14 L 1

o c1aza3 1/2

Sxo_ 1 \0hal o e
2 26}/201 Ci aiaz

1

1+ 2+ 1
- Xl# <O5 1/2+W> (p+3)logas

2 21774, €1 1,2

—: G(B{") - log s,
and if max{Ry,T1} = Ty, then

(R1 + 1)(T1 + 1) (crasas + 1)(61661&2 + 1)

B3 =
M —max{Rq,T1} Xc?/zalagag, — C1a109
1+ - — 1
= r—ou (050" + 75— |
2T 2077, 2¢;' "asas
+ c1 A3 1
<X7<051/2 1/27> (p+3)logas
27 572, A2 A3

=: G(B§2)) -log as.
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Analogously, G(B3) = max{G(Bél)), G(B:E)Z))} and

B3 < G(Bg) -logag.
Notice that since we have chosen the same lower bounds on a1 and as, we have G(Bél)) =
G(BY) and G(B{?) = G(B{?), and also G(B,) = G(Bs).

Now, let us consider the case (A2). Here we have some integers r1, s1, t1 and tq, such
that

(t1b1 4 r1bg)sy = ribate, ged(ry,t1) = ged(sy,t2) = 1,
and
[risi| < 0Bi1, |s1t1] < IBa, |rite| <0Bs, § = ged(r1,s1).
We have 1 = §rf and s; = ds]. Since by = 2h, by = 2j and b3 = 1 we also have
sty - 2h + 6risth = rits - 2],
and
|6ris1] < B1, |siti| < Ba, |rita| < Bs.

First, let us consider the case when to = 0. Then ged(s1,t2) = s1 = 1 and from (¢1by +

r1bg)s1 = 0, since s1 # 0, we get t1by = —r1bs, i.e. 2ht; = —ry. Since ged(ry,t1) = 1, we

conclude that t; = F1 and r; = £2h. Also, we see from the observations stated before
that

<C1A1,2 + A%_) (c1A12A45+1)
XC:;/QA%,QA?, —c1A1 243

r1s1| =2h < By < as.
[r151] 3

Since x = 2 and A = min{ay, a3} > 1, we have that
€1 = max {(XML)Q/?’, \/m} = (2ML)*/3.
If we use minimal and maximal values of our parameters M i L, we get
260 < c; < 966.

Using these values and lower bounds A; o > 48.9, A3 > 8log 10° > 92.1 and the fact
that az < 8(1+ 13 -0.08675/log 10°) log ¢, we get the inequality

By < 979.86log c.
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So, we see that the inequality 2h < 979.86 log ¢ holds. From Proposition 17 we have that
h > 0.666662+/ac > 0.666662+/c, which implies

Ve < 734.911ogc.

Solving this inequality, we get ¢ < 1.9701 - 103. We will see that this upper bound is
much lower than the upper bound we will get in the case that to # 0.

Now, let us assume that o # 0. We can multiply the linear form A; with factor
rits # 0, and after rearranging we get a linear form in two logarithms

ritaly = 2hlog (aiitz . aQ_S/m) — log (ozgris/1 . a;rllb) ) (26)

where § = ged(r1,51), 71 = r1/0 and s} = s1/5. We would like to apply the next result
from [17] to this linear form in two logarithms.

Theorem 5 (Laurent). Let al, ay, b/, 0 and p be real numbers with o > 1 and 1/3 < p < 1.
Set

142 — p? noo1
U:u, N=clogo, H=—+—,
2 N oo

1 1 1
—o 1414+ — ), =14 — + —.
w <+ +4H2>’ tam e

Consider the linear form

A = balogye — by log 71,

where by and by are positive integers. Suppose that v, are y2 multiplicatively independent.
Put D = [Q(71,72) : Ql/[R(m,72) : R], and assume that

b b Dlog?2
B > max {D <10g (—} n —?) +log N + 1.75) 40.06, ;’g } ,
as 4y

a; > max{1, o|logvi| —log |vi| + 2Dh(vi)}, i=1,2,

ajah, > N2

Then
N 2 N N 2
log|A| > —C (h’ + ;) alaly, —vVwl <h’ + ;) —log [ C' <h’ + ;) a’al

with
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2

wo (w1 Jw?  8NWH/APYL 4 (1 1\ Nw
C=vis\s Vo T e T3\ T ;

NM3cg\6 2\ 9 3«/a1a2H/ 3\a} ay) H

[Cowb
Cl - W

To apply Theorem 5 on the linear form (26) first we must check that the conditions

of the theorem are satisfied. Since a1, as and a3 are multiplicatively independent, so are
71 and 7s.

Since we have from the inequality (25) that 2 < G(h(1)-log as log ¢, it is sufficient to
assume that h > G(h(V)) - log oz log ¢ and aim to find the best possible upper bound on
h in this case.

Notice that,

h(v1) < 0.5B;1logas + By loge
< (0.5G(B1) + G(Bz))log as log ¢ =: G(h(y1)) - log az log e,
h(y2) < 0.5B5log a + 0.5B3 log o
< Bslogas < G(Bs) -log? ap =: G(h(72)) - log? ag,
|logv1| < Bjlogas + 0.694B;

G(B;3)
< <G(Bl) + 0.694log 105 log ap log c =: G(|logy1]) - log ag log ¢

and

By + |logyi|  G(Bz)logas + G(|logv1]) - log az logc
on oh

<log o5 + G( log’yl|)) log as log ¢
2G( D) - log az logc

Tog 105 g1
= =: G(|1 .
G(h( ) (| log 72)

|log ya| <

Now we would like to find which condition must parameters p and p satisfy in order to
apply Theorem 5 and to get the lowest possible upper bound on h. First we must choose
al, i = 1,2, such that

a; > |logvil(e+1) + 8h(v;), i=1,2.
We see that we can set

aj = (G(|logm|)(e+ 1) +8G(h(71)))log az log c =: G(aj ) log az log c,
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201
and
G(|logv2|) 2 _ 2
/ . /
ay = (W(QJF 1) +8G(h(v2)) | log” ag =: G(a}) log® aa.
We have

2 2h 2 2
by by _ Gy TG - h (210.81-G(a’2) + G(a/l))
log as logc log as logc

a, ay —
where we used that since ¢ > 10° then h > 0.666662\/ac > 0.666662v/105 > 210.81.
Denote

2 2
G = 51031 aay) T aE)

and

_ GF)-h
" logasloge’

Since we will observe only values ¢ < 100, and since (Dlog2)/2 = 2log2 < 1.4 and
N < 2logp < 7 we can take

h' = 4(log F +log \') + 7.06.

Since we assumed that h > G(h))log az log ¢, we now have F > G(F) - G(h")) which
implies

1 41 F)-Gh® 1
H:h_+_> og(G(F) - G( ))+_.
N o N

g

Using this, for specific values of the parameters ¢ and u we can calculate w, 6, C' and C’
and by Theorem 5 we have

! / N 2 ’ \/_ ! N 1 I N 2 o
log |[rtaA1| > —C h+g ajay — vVwl h+; —log | C h+; ajal | .

Assume that ¢’ < 3C (which will be true in all our cases), then log 3z < 1073z holds

for x > 10343, and in all our cases we will have ajal, > 10343 and also Vw6 < 3. Since
we also have (h' + %) > 1, we can observe the inequality

A\
log |ritaA1] > —C - G(a}) - G(a)(1.001 + 3-107*C™1) (h’ + ;) (log az)’ log .



202 M. Bliznac Trebjesanin, A. Filipin / Journal of Number Theory 194 (2019) 170-217

We wish to find a minimal positive real number k for which the inequality logas <
k -log a; holds. If we use that \/ac < az and oy < vab + 4 we get ac < (ab+ 4)*. From
Proposition 1 we have ac < 237.952b%, and since b > 10° we find that the inequality

holds for k£ = 3.4753.
Now, we see that we also have

log | taA1| < log B3 — 4jlog as < log Bs — 4hlog ay,
and since log ais < 3.4753 log a1, hence

3.4753

h
ST

log 10°(log 105/2)3

l N ? 2
| h +; log” as log ¢

!

A 2
=: G(h?) (h’ + ;) log? ap log c.

G(F)
log a2 log ¢

Multiplying this expression with yields

A\ °
F <GhP).G(F) (4 log F + 4log X' + 7.06 + 0) log v

and if we insert logas < log+/ac+ 4 and an upper bound for ac we will get an upper
bound for F, denote it with Fi, i.e. F' < Fy. Now from the definition of F' we have

Fy

h<m

log as log e,

which gives us an upper bound on h and our goal is to minimize the numerical value
F/G(F).

As in [16], it is not difficult to see that in the case (A1) one obtains smaller values
than in the case (A2) and therefore smaller upper bounds, so we see it is not necessary
to calculate it.

Now, it remained to implement the described algorithm for the inequality (25) and
the case (A2). We observed these values of the parameters, x = 2 fixed, p € [5.5, 14] with
step 0.5, L € [700, 1500] with step 1, M € [3,10] with step 0.1 and after calculating the
upper bound on h by Theorem 4, we also consider all values p € [40, 85] with step 1 and
€ [0.44,0.76] with step 0.01 such that the coefficient G(h(?)) is the least possible one.

In the first turn we used ac < 1.08915-10%* and h < 6.95745-10'6, and the best value
was obtained for the parameters p = 11.5, M = 4.7 and L = 1043 where we got h <
5.66642-10° log a3 log ¢, and for ¢ = 59 and ;= 0.63 we got h < 4.85941-10'%log az log ¢
in the case (A2). From this we have ac < 2.42372-10%® and h < 1.03788 - 1014,
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Now these new upper bounds can be used for the second turn and the best value is
obtained for the parameters p = 11, M = 4.6, L = 901 where we got h < 4.13857 -
10°log s log ¢, and for o = 59, = 0.63 we got h < 3.53075 - 10'° log a3 log c. From this
we obtain ac < 1.22705 - 10%® and h < 7.38475 - 10'3.

We repeat the process three more times, and finally get that ac < 1.17732 - 1028,
h < 3.46289 - 10'°log s log c and h < 7.23357 - 10'3. This upper bound will be good
enough for final steps of the proof so we state the next proposition.

Proposition 6. Let {a,b,c,d,e} be a D(4)-quintuple, such that a < b < ¢ < d < e. Then
ac < 1.17732 - 10%8. Also, h < 3.46289 - 10! log ay log ¢ and h < 7.23357 - 1013,

8. D(4)-quintuples with regular triples

Let {a,b,c,d,e} be a D(4)-quintuple with ¢ < b < ¢ < d < e. We have seen that
d=a+b+c+ i(abc+rst) and

ad+4 =22 bd+4=y> cd+4=2>
at+rs rt + bs cr + st

Tr = 5 y: z = .

2 2 2

If {a,b,c} is a regular triple, i.e. ¢ = a + b+ 2r, then we also have s=a+r, t =b+r
and d = rst and by a simple calculation we can see that

r=rs—2, y=rt—2, z=st+2.

These relations will be helpful in proving some special claims about D(4)-quintuples
with c=a+ b+ 2r.

Lemma 19. If{a,b,c,d, e} is a D(4)-quintuple, a < b < ¢ < d < e, such that c = a+b+2r,
then 2n > r.

Proof. From Lemma 15 we have
ael® + xl = cen® + zn (mod d).

Assume that equality holds, i.e. agl? +xl = cen? + zn. Since 22 = ad+4 and 2% = cd+4,
if we multiply the equality by zn + xl we get

(al® — en?)(e(zn + zl) + d) = 4(n? — 1?),
which implies al? — cn?|4(n? — 12). By Lemma 12 we have n < | < 2n (it is easy to

check that n = [ cannot hold), so we have n # [ and 1/2 < n/l < 1, which gives us
al?> — cen? < 4(1% — n?) and
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a n\ 2 4 n\ 2

- GY]<2 (- ().

c l c l

Since ¢ = a + b+ 2r > a+ a + 2a = 4a, we also have a/c < 1/4 < (n/l)?, so

N RORE IOYE

i.e. it must be ¢ < 4a + 12. But, by Lemma 4 we have b > a + 57+/a which would then
imply

da+57va < a+b+2r < 4da+ 12,

and this leads to a contradiction since a > 1. We can now conclude that our assumption
was wrong, equality does not hold, so we have

d < |al® — 2l — en® + zn| < |al® — cn?| + |2l — 2n).

It can be easily seen that |al?—cn?| < en? and |zl—2zn| < 2zn, so we have that d < cn®+zn.
Assume that n < r/2. Since d = rst = r(a+7r)(b+7r) and z = st+2 = (a+7)(b+7r)+2,
we have

rla+r)(b+r) < (a+b+2r)2—2 + ((a+7r)b+1) +2)g

and after canceling and rearranging we see that this cannot be true. We can now conclude
n>r/2. O

The next Lemma can be proved similarly as [16, Lemma 19] so we omit a proof.

Lemma 20. Let {a,b,c,d,e} be a D(4)-quintuple such that a < b < ¢ < d < e and
c=a+b+2r. Then

81 =2(1— (—1)7)(~ec) (mod 5), 8n=2(1—(—1)7)ea (mod s)
8m = 2(1 — (—1)")(—ec) (mod t), 8n=2(1— (—1))eb (mod ¢),

where € = +1.

Lemma 21. Let {a,b,c,d,e} be a D(4)-quintuple such that a < b < ¢ < d < e and
c=a+ b+ 2r. Then, at least one of the following congruences holds

i) 81=8n =0 (mod s),
i) 8m =8n =0 (mod t),

iii) 8n = —der (mod ﬁt&ﬂ), and ged(s,t) € {1,2,4}.
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Proof. If j is even, then 1 — (—1)7 = 0 implies 8/ = 8n = 0 (mod s) and i) holds.
If k is even, then 1 — (—1)* = 0 implies 8m = 8n = 0 (mod t) and 73) holds.
If both 7 and k are odd, then

8l = 4(—¢c) (mod s), 8n =4ea (mod s),
8m = 4(—ec) (mod t), 8n = 4eb (mod t).

From s =a+r and t = b+ r we have a = —r (mod s) and b = —r (mod t), so
8n = —4er (mod s), 8n = —4er (mod t),

i.e.

st
=1 —_ .
8n er <mod gcd(s,t))

Since ¢ = s+t we can see that ged(s,t) = ged(s, s +t) = ged(s, ¢), and from ac+ 4 = s>
we conclude ged(s, ¢)|4, which proves the statement of the lemma. O

We would like to use these results to obtain some effective bounds on elements {a, b, ¢}
in order to use Baker—Davenport reduction.

Set
g TiYed gyt Ved
54:\/E(s¢5+¢3) 65:\/5(»3%5+x/8)

Valey/e+Vd) Vb(ey/e+Vd)

and consider the following linear forms in logarithms

Aoy = 2llog B1 — 2nlog B3 + log B4,
A3 = 2mlog By — 2nlog B3 + log Bs.
From [12] we have the next lemma, and to avoid confusion, we would like to empha-

size that v, and w, here denote sequences connected to the extension of a triple to a
quadruple, as in Section 3.

Lemma 22 (Lemma 10 in [12]). Let {a,b,c,d} be a D(4)-quadruple. If v,, = wp,
m,n # 0, then

s+ \/ac t+Vbe Vb(z9\/C + 200/a)
0<m( 2 )‘”1°g< 2 )+log\/5(y1ﬁ+zm/5)

—2m
< 2ac <s +2\/%> .
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We apply this lemma to D(4)-quadruples {a, b, d, e} and {b, ¢, d, e} to get upper bounds
on Ay and As.

Lemma 23. 0 < Ay < 2adf;* and 0 < Az < 2bdS; *™.

Now we will consider each case of Lemma 21 to get upper bounds on some elements
of a D(4)-quintuple.

Lemma 24. If 8] = 8n =0 (mod s), then s < 201884.

Proof. It is easy to see that [ =n =0 (mod m% sol = Mh and n = Wg&g)m
for some l1,n1 € N. Denote s’ = m. We have

n1

Ay = 25"l log B1 — 25'nq log B3 + log B4 = log 84 — 25" log 53

lll
1

We can take

n1

) bl = 28/7 b2 = 13 Y1 = 311 y V2 = ﬂ4-
1

D=4

As before, it is not hard to check that 7; and 7, are multiplicatively independent. The
conjugates of v; are

;Ll BS—TU §L1 53—”1
Iy I, 1y 1
11 11 /61 ! Bl !

and depending on whether §5* > B4 or Byt < BY we have

1 mn ni n1
h(y) = = [ [log =—| + [log 2| | = - log B3
4 By G 2
or
1 Bz ™ 3t b
h(n) = = | [log Z25—| + [log =2 | | = 5 log B1.
4\ s gl 2
By Lemma 23
B3
0 < log B4 — 25’ log ?2 < 2adBy Y,
By
so we have

ny
3

1
By

1 a1 2
log < E(log& +2adf; ™) < %5 (log Ba + —) .

ad
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It also holds

L) = o i) <o

which implies

ISH )
ISH e

n1
3

log log2,/< 2 log 2s 1 log2s 1 >

< = ged(s, 8 —
2s’ 2s'ad 2s’ sad & (s )< 2s sad

1

We may assume 7 > 104, otherwise s = a +r < 2r < 20000, so we also have s > 10* and
d=rst >3 > 10'2. Now we see

n1
log =2
Bl

log(2 - 10%) n 1
2104 104 - 1012

< ged(s, 8) < ) < 5-10"* ged(s, 8) < 0.004.

Also

< 0.002

l
21 log 1

and
l
h(y1) < élog B1 + 0.002.

The absolute values of the conjugates of v, = 34 are all greater than 1 and a minimal
polynomial can be calculated analogously as for a3 from the previous section so we have

h(y2) < log ( (d—c)*- % : ((2:22) < %log(cd) < log f35.

Now, we can apply Theorem 5 and choose for the parameters ¢ = 61 and pu = 0.7. We
have o = 0.955 and 3.92 < ) < 3.93 and take

a’ = 4ly1og By + 0.264 > 8h(v1) + o|logv1| — log 1.

Since ¢ = a + b+ 2r < 4b we have d > abc > ¢?/4 which implies 33 > Ved > %03/2.
We can choose

ab = 281og((1.264)%B3) > 60 log (1.264~ %ﬁ) + 8log((1.264)%33) >

> ollogyz| — log |y2| + 8h(72).

From the assumption that r > 10* we have a} > 56 and a} > 560, so we see that our
choice of parameters is valid and we can apply the theorem.
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Table 1
ged(s,8) 1 2 4 8
n 25.508 22.736 19.963 17.191
H 7.537 6.832 6.126 5.421
w 4.005 4.006 4.007 4.0085
0 1.07 1.076 1.085 1.097
C 0.02276 0.02284 0.02294  0.02307
c’ 0.04696 0.04722 0.04753 0.04792

Set
2s’ b b
b= 40.018 > & 4 2
ag as @&

and similarly as in the previous section
h =4logh + 12.6.
Since B3 = %‘/a < zand z = st +2 < s34+ 2 we have

S/

141og((1.264)3(s% 4 2))

h' > 4log ( > +12.6.
Now for all four possible values of ged(s,8) we calculate values from the Theorem 5

which are shown in Table 1.
Define also B := 1 (h’ + ’\;/) < log &’ + 4.187 which now yields

!’

2 !
log|As| > —C <h’ + )\—) ajay — vVwl (h’ A )
o

g

B / / i/ ? ’o
log | C" | A+ a0,
o

> —C - 16B%a}al, — Vwl - 4B — log(C’ - 16 B%da})
> —0.3692B%a}ay — 8.388B — log(0.7668 B%a a}).

On the other hand, from Lemma 23 we have
log |As| < —45'l1 log By + log 2ad = —s'(a} — 0.264) + log 2ad,
therefore
s'(a} — 0.264) < 0.3692B%a)a}y + 8.388B + log(0.7668 B%a) a}) + log 2ad.

From a} > 56 we have a} — 0.264 > 0.9952a/, so now we can observe
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2s’ 16.857 2.01 2.01
2 < 0.74197B% + B+ == 1og(0.7668 B2a} ab) + —— log 2ad,
Qg ayay aya; aa;y
i.e.
16.857 2.01 2.01
b < 0.74197B% + B+ log(0. 7668 B%a fab) + + —— log 2ad + 0.018.
ayay ayay a,aq

Each addend on the right hand side of the inequality can be compared to B? and it leads
to the inequality

b < 0.742116 B + 0.02133 < 0.742116(log b’ + 4.187)% + 0.0213,
and from this we get b’ < 48.28 which implies
s’ < 24.131a} < 675.668 log((1.264)% (s + 2)).

For each ged(s,8) € {1,2,4,8} we get that the upper bound for s is equal to S; €
{20610,44324, 94814, 201884} respectively, i.e. s < 201884. O

Similarly we can prove the next lemma.
Lemma 25. If 8m = 8n = 0 (mod t), then t < 127293.
Now we consider the last case from the Lemma 21.

Lemma 26. If 8n = —4er (mod ), ged(s,t) € {1,2,4}, then r < 9164950.

st
ged(s,t)
Proof. By Lemma 19 we see that n > r/2 which implies 8n + 4r > 8n — 4r > 0, and

depending on ¢, we have 8n+4r > m > 5L So, it always holds n > #2167 > C(ZQS)'
By Lemmas 14 and 12 we have h > 2m > 2n, Wthh yields h > °(7 8)

Moreover, from Proposition 6 we have

h < 3.46289 - 10'° log o, log c.

Since
1 _ _
ay < Vac Tl \/ 6a .c(r 8)+4<\/166(7" 8)+4
r—2_8 16 16
and
. 16 ¢(r — 8) - 16 c(r—8) 16 c(r—38)
r—8 16 105/2 -8 16 308 16

we have
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c(r—8) 10 e(r —8) 16 ¢(r — 8)
3.46289 - 1011 16 4] log [ — :
6 = o8 6 ) °%\308 16

By direct calculation we get

or —8) _ | 57403101

and since 72 — 3 4+ 2r > ¢ > 3r we have r < 9164950 and
h < 3.46289 - 10'% log(2r) log(r? — 3 4+ 2r) < 1.85682 - 10'3. O

From Lemmas 24, 25 and 26 we see that there are only finitely many triples {a, b, c}
left to check whether they are contained in a D(4)-quintuple. In order to deal with these
remaining cases we will use a Baker-Davenport reduction method over a linear form

- r++vab . s+./ac Ve(va+ Vb)
Ay = 2hlogT—2]logT —Hogm.

More explicitly, a modification of the Baker—Davenport reduction method, from [9], which
we will use is stated next.

Lemma 27 (Dugjella, Pethd). Assume that M is a positive integer. Let p/q be the con-
vergent of the continued fraction expansion of a real number k such that ¢ > 6M and
let

n = llugll = M - |[rql|,
where || - || denotes the distance from the nearest integer. If n > 0, then the inequality
0<Jx—K+pu<AB™/

has no solution in integers J and K with

log(Ag/m) _ 5 - as
logB —

Consider the inequality p(r 8) < 1.57493-10'3 from the proof of Lemma 26. For a fixed
a we can calculate maximal r by putting ¢ = a + =2 + 2r, and for smaller values of a
we get a much better bound on 7 than the one calculated in the lemma. For example, for
a =1 we have r < 63164. Of course, we must also consider the bounds from Lemmas 24
and 25, where we have a +r = s < 201884 and b+ r =t < 127293.

As we said before, we will apply Lemma 27 to the linear form in logarithms A;, so we
take J = 2h, M = 2 -1.85682 - 10'3. It took approximately 29 hours and 45 minutes to
run the algorithm in Wolfram Mathematica 11.1 package on the computer with Intel®
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Core™ i7-4510U CPU @2.00-3.10 GHz processor and in each case we got J = 2h < 5
which cannot be true since 2h > 2-0.666662/ac > 2-0.666662 - 10°/2 > 421. This proves
our next theorem.

Theorem 6. A reqular D(4)-triple {a, b, a+b+2r} cannot be extended to a D(4)-quintuple.
9. D(4)-quintuples with non-regular triples

It remains to show that a non-regular D(4)-triple cannot be extended to a quintuple.
In the proof of the next two theorems we follow the methods used in Theorems 8 and 9
from [16], but as we also said before, results similar to those from [3], which we need in
order to prove these Theorems, could not be proven for every D(4)-quintuple and here
we will show how our results from Section 3 can again be used in proving some special
results for D(4)-quintuples for which ¢ is not minimal, i.e. ¢ # a + b+ 2r.

Theorem 7. A D(4)-triple {a,b,c} for which deg(a,b,c) = 1 cannot be extended to a
D(4)-quintuple.

Proof. By Lemma 1 we have ¢ > max{ab, 4b}, and by Lemma 3 we also know b > 4a.
Moreover, by the definition of the degree of a triple we know that {d_1, a, b, c} is a regular
quadruple. Also, {d_1,a,b} is a regular triple, so if d_; > b, we have d_; = a + b+ 2r,
and if d_; < b, it can be easily shown that d_y = a+b—2r. So, we have d_y = a+b+£2r
and ¢ =dy(a,d_1,b) =r(rta)(btr).

For d_; we have
B2
d_1>a+b—2r>a+b—2 Z—|—4>a—17

ie.d_q > asoc>abd_q > a?b.

We will now apply Lemma 7 to show that if b < max{81la,18.0793a>/?} then we
cannot extend a triple {a,b, ¢} of degree 1 to a D(4)-quintuple. For the remaining cases,
where b > max{81a, 18.0793a/?}, we will have more efficient bounds on the elements a
and r and will be able to apply Baker—-Davenport reduction.

First, we assume that 4a < b < 8la. Since ¢ > a?b and 10° < b < 8la, we have
a > 10°/81 and ¢ > 10°/81 - ab so we get

10° 10° b2 10°
d > abe > ——abab > — ——b* = —b* > 18816b°.
>ac>81aa_81812 B > 18816
On the other hand, since b > 4a we have b — a > 3a and A’ = max{4(B — A),4A} =
4(B — A), which yields
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59.488A'B(B — A)? b—a)’b
(B A _ 37,9500 — )0

Ag ag

80\?* 5 5
<237.952 oo ) - 8167 < 185700°,

N3
< 937,952 0= @

so the conditions of the Lemma 7 are satisfied if we consider an extension of a D(4)-triple
{a,b,d} to a D(4)-quadruple. For the index n, (which refers to an extension to a quadru-
ple and not a quintuple), we have by Lemma 7 that

_ 4log(8.40335 1083(A)2 A2 B2Cg 1) 1og(0.20533A2 B2 C(B — A)~1g)
log(BC)10g(0.016858 A(A’)~1B~1(B — A)—2Cg¢*) '

We can use %b <b—-a< g—?b and 1 < g = ged(a, b) < a and we observe expressions

8.40335 - 10'3(A")2 A2 B2Cg ™! < 8.35132 - 10"3%d,
0.20533A2 B2C(B — A)~'g < 0.03423bd,
0.016858A(A" ) *B~1(B — A)~2Cg¢* > 0.0000544b3d,
thus we have

410g(8.35132 - 1013b3d) log(0.03423bd)
log(bd) 1og(0.000054b—34d)

The function on the right hand side of the inequality is decreasing with d for d > 0, and
since d > 10°8173b* > 0.1881676b* we obtain

41og(1.571449 - 10*3b7) log(0.006441b°)
log(0.1881676b%) log(0.000010161b)

Similarly as in Proposition 1, we have

m b 10° b
> — > 0.309017+/ 0.3090174/ — — —b > 0.134046b°/2.
nZg ac = Veisisl ~

By combining these two inequalities we get b < 98416 < 10° which cannot be true. This
means that our assumption was wrong and we have b > 8la.
Now we have an even better lower bound

b2 2 2 7
doy>atb=2\/ o F4>a+b— VB2 32> atb—5(b+1)> gb
SO

c>abd_1 > gab2

and ac > I (ab)?.
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Assume now that 8la < b < 18.0793a3/2. Obviously a > 18.079372/3p2/3 Observe
that

! _ 2 o 3
BOASBA'B(B — A _ .o (b= a)’h

g < 1639.125'0/%.

On the other hand, since d_; > %b > 5105, we have
d > abc > d_1a%b* > d_118.0793~/3p10/3 > 1639.1295'°/3,

so we can use Lemma 7 on triples {a,b,d} where 8la < b < 18.0793a/2. Notice that
A'=4(B—-A)<4Band 1 < g <a < b/81 so we use
8.40335 - 10'3(A")2 A2 B2 Cg~" < 1.86742 - 10363
0.2053342B=C(B — A)~'g < 0.0002852bd
0.016858A(A) B~ (B — A)2Cg* > 0.0006116~1%/34,

to obtain

41og(1.86742 - 10*3b34) log (0.0002852bd)
log(bd) 1og(0.0006115—19/3) '

Moreover
7
d > abc > d_1a°b* > §18.()7s):r4/31)4/3193 > 0.01639b'3/3

and since the function on the right hand side of inequality is decreasing with d, we can
insert this lower bound on d and get

410g(3.0608 - 10M16?2/3) log(4.6743 - 10~6p16/3)
1og(0.016395616/3) log(1.001429 - 10—b)

On the other hand,

n > — > 0.309017v/ac > 0.272527ab > 0.272527 - 18.0793~2/3p*/3p

2| 3

> 0.03956b%/3

which gives us b < 99861 after combining the inequalities. This, of course, leads to a

contradiction which means that we must have b > 18.0793a53/2.

From b > 18.0793a3/2 we have

2
5/2 T _4
@S 18.0793°
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Since by Proposition 6, we have ac < 1.17732 - 10%%, this implies %(ab)2 < 1.17732-10%
ie. ab < 1.23033 - 10'4, which gives us r < 11091997 and a < 135873.

With these upper bounds, we again apply Baker-Davenport reduction on a linear
form in logarithms Aj, with J = 2h, M = 2 - 7.23357 - 10'3. For each {a,b} we check
two options for ¢, namely ¢ = r(r £ a)(b £ r). It took 11 days and 18 hours to check
all possibilities and in each case we had J = 2h < 5, which again cannot be true. This
proves our theorem. O

All the remaining cases are covered in the next theorem which concludes the proof of
Theorem 1.

Theorem 8. A D(4)-triple {a,b,c} such that deg(a,b,c) > 2 cannot be extended to a
D(4)-quintuple.

Proof. From the assumption that deg(a, b, ¢) > 2 we have that numbers d_; = d_(a, b, ¢)
and d_o = d_(a,b,d_,) are positive integers. Moreover, here we also have b > 4a, b > 10°
and ¢ > max{ab, 4b}.

Since from Proposition 1 we have an upper bound on ¢, we will separate our investi-
gations into four subintervals

5 237.952b3
— |

ceE <ab,a%b%} U <a%b%,ab2] U <ab2,ab%} U <ab ,

Case I: c € <ab,a%b%].
Since ¢ = d; (a,b,d_1), we have ¢ > abd_; and ad_; < (ab)'/2, i.e. ab > (ad_1)?%.
On the other hand, ac > (ab)(ad_1) > (ad_1)3, therefore

Py = vad_ +4 < /(117732 1025)1/3 4 4 < 47607,

and since d_; # 0, we also have 7(44_,) > 3. Our goal is to find for all r € [3,47696]
all possible pairs {a,d_;}. Moreover, since {a,d_1,b} is a D(4)-triple, b is obtained as a
solution of the generalized Pell equation

AV? — BU? = 4(A - B)

where AB + 4 = R?, A < B are positive integers. We know that all solutions of this
equation are of the form

VWA +UVB = VoV A+ UyVB) (@) :

where ¢ > 0 is integer and (U, Vp) is a solution which satisfies
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AB—A)
R—-—2 "’

(R=2)(B-A)

0<Uy < 1<l £ .
> Uy = 7|0|— A

Solutions can also be expressed as binary recurrence sequences

UoR + Vo A
Uy, U= =" Unpio = RlUpir —Un.
Then we see that b = (U? —4)/A = (V? — 4)/B, so it also must be true that A divides
U?—4. Since a*b < ac < 1.17732-10*® we have b < 1.17732 - 10802 < 1.17732 - 10*. 472,

SO

1.17732 - 1028 1.17732 - 1028
u< \/7 4, V|< \/87 4
4 V) -

Now, we describe an algorithm in which for each R =7, 4_,) € [3,47696] we search for
divisors d’ of R? — 4 such that 1 < d’ < R and we set A = d’ and B = (R? —4)/A.
For a fixed pair (A, B) we find all possible solutions (U, V) within the given bounds
and for each pair we compute the quantities i, until the upper bound for ¢/ is reached.
For each U we check if AlU? — 4 and then take b = (U? — 4)/A and for each possibility
(a,d_1) € {(A,B), (B, A)} we can compute ¢ = dy (a,b,d_1) and if c € <ab, a%b%] we can
do Baker-Davenport reduction for the triple {a, b, ¢} with parameters as in Theorem 2.
It took 7 hours and 54 minutes to check all possibilities and we got J < 5 in each case.

Case II: ¢ € <a%b%,ab2}.

We have abd_1 < ¢ < ab?, thus d_; < ¢/(ab) < b,i.e. b= max{a,b,d_;}. By Lemma 2
we have

a?b? < ¢ <ad_1b+ 4b = blad_; + 4),
which yields
(ab)'/? < ad_; + 4.

Similarly, d_o = d_(a,b,d_1), therefore b > ad_i1d_o and d_s < b/(ad_1) <
b/((ab)'/? — 4). Now we have

(ab)1/2

G/d72 < (ab)l/Q m

= (ab)/? (1 + > < 1.01282(ab)*/?,

4
(ab)1/2 — 4
and also we can see that ab > ((ad_3)/1.01282)*. Moreover

ad_y < 1.01282(ad_1 + 4) = 1.01282ad_1 + 4.05128,

SO
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ad_g —4.05128

d_i.
lol2sz 44t

Now,

ad_o \? ad_y — 4.05128
1.01282 1.01282

ac > (ab)(ad_,) > (

and since ac < 1.17732 - 1028, we get ad_o < 2.30408 - 10° and

Tad_») = Vad—a + 4 < 48001.

We also know that d_; < b < ¢?/? < (1.17732 - 10%%)%/3 < 35.17524 - 10'®. Similarly
as in the first case we apply an algorithm in which for each R = r¢ q4_,) we search
for pairs (A, B). We set d_; = (U? —4)/A and observe both possibilities (a,d_3) €
{(A,B), (B, A)} and define b = d4(a,d—_1,d_2), ¢ = d4(a,b,d_1). It took 1 hour and 34
minutes to do the reduction and we got J < 5 in each case.

Case IlI: c € <ab2,a%b%}.

Here we have (ab)? < ac < 1.17732-10%, so r = v/ab + 4 < 10416543. It can be shown
that b < d_; < ¢/(ab), therefore we have d_; < a®/2b%/2/(ab) = a'/?b*/2. Since b < d_1,
we have d_1 = d4(a,b,d_3) and d_; > abd_», i.e.

d_
ad_y < Tl < (ab)'/? < r < 10416543

and (g4 ,) = \/ad_s + 4 < 3228.
u*-1

The algorithm is similar as in Case I1., except b and d—; exchange roles, so b = “——,
and d_1 = d4(a,b,d_2). It took less than 3 minutes to check all possibilities and we got
J < 5 in each case.

Case IV: c € a%b%, M .

Here we have a®/26°/2 < 237.952b% /a, which yields b > a®/237.9522 and
1.17732 - 102 > ac > (ab)¥/? > (a® - 237.95272)5/2,

therefore we get a < 460. As in Case I11., we have b < d_1, d_; = dy(a,b,d_2) and
¢=d4(a,b,d_1). Therefore

Q< Co 237.952)? < dy _ 237.952
ab a2’ ab ad

From (ab)®/? < 1.17732- 108 we have ab < 1.69184 - 10*'. Also, from a*d_, < 237.952ab

we get ad_y < 4.02576 - 10'3 /a®, thus r(, 4 _,) < 6344883 /a’/2.

Since a < 460, it is more efficient if we search r(, 4_,) inside interval [37 63;;%] such
that a|7“(2a’d72) — 4 for each fixed a. We set d_s = (r(Qa’dﬁ)) —4)/a and do similarly as in
the previous cases. It took 9 days and 21 hour to check all possibilities and again we got
J < 5 in each case. O
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