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The extensibility of the Diophantine triple
{2,b, ¢}

Nikola Adzaga, Alan Filipin and Ana Jurasié

Abstract

The aim of this paper is to consider the extensibility of the Diophan-
tine triple {2, b, c}, where 2 < b < ¢, and to prove that such a set cannot
be extended to an irregular Diophantine quadruple. We succeed in that
for some families of ¢’s (depending on b). As corollary, for example, we
prove that for b/2 — 1 prime, all Diophantine quadruples {2, b, ¢, d} with
2 < b < c < d are regular.

1 INTRODUCTION

A set consisting of m positive integers such that the product of any two of
its distinct elements increased by 1 is a perfect square is called a Diophantine
m-tuple. There is long history of finding such sets. One of the questions of
interest, which various mathematicians try to solve, is how large those sets can
be. Very recently He, Togbé and Ziegler [12] proved the folklore conjecture
that there cannot be 5 elements in Diophantine m-tuple, i.e. m < 5. However,
there is also a stronger version of that conjecture that is still open, which
states that every Diophantine triple can be extended to a quadruple with a
larger element in a unique way (see [7]):

Conjecture 1. If {a,b,c,d} is a Diophantine quadruple of integers and
d > max{a,b,c}, then d = d; = a+b+c+2(abc++/(ab + 1)(ac + 1)(bc + 1)).
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There are a lot of results supporting this conjecture. The history of the
problem, with recent results and up-to-date references can be found on the
webpage [6].

We have the following definitions (see [10]). Let {a, b, c} be a Diophantine
triple such that

ab+1=72 ac+1=s% bc+1=1t> (1)
where r, s,t € N.
Definition 1. A Diophantine triple {a,b,c} is called regular if
(c—b—a)?=4(ab+1). (2)

Equation (2) is obviously symmetric under permutations of a, b, ¢. From
(2), by (1), we get

c=ct =a+b+2r

act+1=(a+tr)% bet +1=(b+r)2
Definition 2. A Diophantine quadruple {a,b,c,d} is called regular if
(d4c—a—0b)*=4(ab+1)(cd + 1) (3)
or, equivalently, if
d=dy =a+b+c+2(abc £ rst). (4)
By (1) and (4), we have
ady +1=(at +7s)?, bdy +1 = (bs+7t)% cdy + 1= (cr £st)%.  (5)

Equation (3) is symmetric under permutations of a, b, ¢, d. An irregular Dio-
phantine quadruple is one that is not regular. It is known from [2] that every
Diophantine pair {a, b} can be extended to a regular Diophantine quadruple:

{a,b,a+b£2r,dr(axr)(bLtr)}.

During the second conference on Diophantine m-tuples and related prob-
lems, that took place at Purdue University Northwest, we mentioned the fol-
lowing result [1, Theorem 4]. If {2, b, ¢,d} is a regular Diophantine quadruple,
then the Diophantine triple {b, ¢, d} is also a D(n)-set for two distinct n’s with
n # 1 (which means that bc 4+ n, bd + n and ed + n are perfect squares). We
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have realized that this result would be even more elegant if we could drop the
word “regular”. On the other hand, in [11], Conjecture 1 was proven when
a =1, so it makes sense to see if the method they used can prove this conjec-
ture for different values of a before attempting to generalize it, because that
would probably be very difficult.

For a = 2, by (1), we have

b=2k(k+1), r=2k+1, (6)

for k € N. Hence, b = 4(1 + ... + k), where k € N. We can notice that b is
always even. We take that b > 4000 because otherwise the triple {2, b, ¢}, with
2 < b < ¢, cannot be extended to an irregular quadruple by [3, Lemma 3.4].
We will use the condition b > 4000 through the paper. Since 12422 ... +k? =
%(Qk—i— 1)k(k+1), it is interesting to observe that % = P, where Py is a square
pyramidal number for k& € N. The problem of extending a Diophantine pair
{2,b} to a Diophantine triple {2,b,c} can be reduced to solving the Pellian
equation

2% — bs? =2 — b, (7)

and then taking c = % We will describe the set of solutions of the equation
(7), by following the arguments of Nagell [14] and Dujella [5]. Equation (7) is
equivalent to the Pellian equation

2 b b

t 55 = 5 (8)
Such an equation has infinitely many solutions divided into classes* of solu-
tions. Among all elements of one class, we choose ty + sg \/17/7, where sg has
the lowest nonnegative value among all elements t + s\/b/72 of the same class.
Such a solution is called a fundamental solution of the equation (8). Notice
also that |tg| has the lowest possible value in the class. By the arguments of [14,
Theorem 108 a], equation (8) has finitely many fundamental solutions. Hence,
it has finitely many classes of solutions. There are at most 2¢(}=%/2) classes of
solutions with ged(t, s) = 1, where w(1 — b/2) denotes the number of distinct
prime factors of 1 — b/2. Although we will focus on the situation when there
is only one class of solutions, with fundamental solutions (tg, sg) = (£1,1), let
us mention here that this is not always the case. If k is of the form k = g% — 2,
then (8) becomes t? — (g* — 3¢ + 2)s? = —g* + 3g% — 1 and this equation has
fundamental solution (¢® — g% —2g+1,g— 1), which differs from (41, 1) when

g # 2.

*Two solutions ¢t + s1/b/2 and ¢’ + s’/b/2 of the equation (8) belong to the same class
if and only if ¢t/ = (b/2)ss’ (mod (1 —b/2)) and ts’ =t's (mod (1 — b/2)).
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All elements of one class of solutions of the equation (8) can be obtained
from a fundamental solution by multiplication with a power of the minimal
solution in positive integers for the associated Pellian equation 2 — %SQ = 1.
Therefore, all positive solutions (¢, s) to equation (7) which belong to the same
class are given with (see [5, Lemma 1])

tV2+ sVb = (toV2 + soVb) (r + V2b)", (9)

where (tg, so) is a fundamental solution to the equation (7) and v > 0. Since
we have fundamental solutions (tp,sg) = (&1, 1), then if those are only fun-
damental solutions (for example if b/2 — 1 is a prime, but this is not the only
case), all positive solutions to the equation (7) are given with

(t’s) = (ti Si)7

vTr

obtained by the recurrent relations for two different signs £1:

to=+1, t1 =bEr, t,po=2rt41—t,, (10)
So = 17 S1 =T + 27 Sp42 = 27’Sy+1 — Su, (11)

for v > 0. Since for v = 0 we obtain ¢ = 0, we have to consider the sequence
c=ck, with 2¢F +1 = (s5)2, bef +1 = (tF)2, for v > 1. By [4, Theorem 1.4.
(4)], we need to consider only 1 < v < 3 i.e.

cE=24+b+2r
cE=8b(2+b+2r)+4(2+bLr) =dr(r£2)(b+7),
cx = 64b%(2 4 b+ 2r) + 16b(6 + 3b + 4r) + 3(6 + 3b + 2r).

We observe the extensibility of the triple {2,b,c5}, where 1 < v < 3. Since
bey +1=(b—r)% < b2, it follows that ¢; < b. In all other cases b < cF. Our
main result in this paper is the following theorem:

Theorem 1. The triple {2,b,ct}, for v € N, cannot be extended to an irreg-
ular Diophantine quadruple {2,b,ct,d}, where d > ct.

Theorem 1 allows us to derive the following statement from the previous
observations.

Corollary 1. If % —1 is a prime, then every Diophantine quadruple {2,b, ¢, d},
with 2 < b < ¢ < d, is reqular.

In order to prove Theorem 1, we use methods described in [11] by He,
Pintér, Toghé and Yang. In Section 2 we transform the problem of extend-
ing a Diophantine triple {2,b, ¢} to a Diophantine quadruple {2,b, ¢, d} into
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solving a system of simultaneous Pellian equations, which furthermore trans-
forms to finding intersections of binary recurrent sequences. In the next two
sections we finish our proofs using the standard methods, i.e. linear forms in
three, respectively two, logarithms of algebraic numbers and Baker-Davenport
reduction method.

2 The system of simultaneous Pellian equations

When trying to extend a Diophantine triple {2,b, ¢} to a quadruple
{2,b,¢,d} we have to find d, x,y, 2 € N such that

2d+1=2a% bd+1=y> cd+1=2% (12)

Elimination of d from (12) leads to the system of simultaneous Pellian equa-
tions

222 —cx® =2 —¢, (13)
bz? —cy? =b—c, (14)
2y? — bx? = 2 —b. (15)

Each of equations (13), (14) and (15) has finitely many fundamental solutions
(20, 0), (21,91) and (yz2,z2), respectively. From these solutions, all solutions
(z,), (z,9) and (y,z) of (13), (14) and (15), respectively, are, by [5, Lemma
1], given with
V24 zv/e = (20V/2 + 0v/E) (5 + V26)™, (16)
Vb +yve = (21Vh + y1ve) (t + Vbe), (17)
yV2 + Vb = (12v2 + 22VD)(r + V20)', (18)

for integers m,n,l > 0. In any solution (z,y,z) of the system (13) - (15),
we have z = v, = w,, for some non-negative integers m and n, where the
sequences (U, )m>0 and (wy,)n>0 are obtained using (16) and (17) and given
by

Vo = 20, V1 = 820+ CTo, Umt2 = 28Vm41 — Ums

wo = 21, Wi =121+ Y1, Wny2 = 2tWp41 — Wy
Hence, we are solving the equation
U, = Wy, (19)

in m,n > 0. By [4, Theorem 2.1., Lemma 2.3.], it is enough to observe the
cases:
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o if vy, = wop, then zg = 21 = +1 and zg = y1 = 1,
o if Vo411 = Wapt1, then zg = +t, 21 = +5, 19 =y = r and 2923 > 0.

In any solution (x,y, z) of the system (13) - (15), we also have y = W,, = ¢,
for some non-negative integers n and I, where the sequences (W,,),>o and
(q1)1>0 are obtained using (17) and (18) and given by

Wo =y1, Wi =ty +bz1, Wiypo =2tWyp1 — Wi, (20)
q = Y2, @1 =rY2+br2, qy2 =2rq11 — q- (21)
We finally have x = V,,, = p;, for some non-negative integers m and [, where
the sequences (V;,,)m>0 and (p;);>o are obtained using (16) and (18) and given
by
Vo = xo, Vi=swo+ 220, Vinya =28Vipi1 — Vi, (22)
Po = T2, P1 =TT2+2Y2, Piy2 = 2rpi41 — o (23)
From (20) and (21), by induction, we get
Wgn = (HlOd b), W2n+1 = t’yl (mod b),
@21 = y2 (mod b), @goi+1 = ry2 (mod b).
By [7, Lemma 1],

(r—1)(b—2)
1<l < S <

| o

Therefore, there hold:
o If Wy, = ga, then 1 =y (mod b) so yo = 1.

o If Wy, = goiv1, then 1 = rys (mod b) so r = 72y, (mod b). By (1),
y2 =7 (mod b). Since, for b > 4000, |yo| < & and r < £, we get yo = 7.
In this case, from (15), we get 22 = 5, which is not possible.

o If Wo,11 = qo, then rt = yo (mod b). From (10), we conclude that
t =tF =41 or+ 7 (mod b), so y = £1 or + r (mod b). As in the
previous case, we obtain a contradiction for yo = £r (mod b). From
y2 = £1 (mod b), we conclude yo = +1.

o If Wo,t1 = gait1, then rt = rys (mod b). Since ged(b, ) = 1, it holds
t =y (mod b). Hence, ys = £1 or &+ r (mod b), again. As previous, we
have yo = £1.
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Therefore, fundamental solutions of the equation (15) are (yo, 22) = (£1,1).

From the above, we obtain that the following two possibilities are the only
types of fundamental solutions that can lead to extensions of the triple {2, b, ¢}
to a quadruple {2,b, ¢, d}:

Lemma 1. For the equation x = p; = V,,, where p; and V,,, are defined by
(22) and (23), the following two possibilities exist:

a) if l=m =0 (mod 2), then 20 = £1, 1o =y2 =1 and 2o = 1,
b) if m=1 (mod 2), then zg = £t, xog =7, yo = 1 and z2 = 1.

3 Linear form in three logarithms

Using techniques from [11], firstly we transform the equation p; = V;,, into an
equality for a linear forms in three logarithms of algebraic numbers. Let

a=r+v2b (24)
be the solution of Pell equation ¢2 — %SZ = 1, associated to the Pellian equation
(8). Similarly, let

B=s+V2 (25)

be the solution of Pell equation ¢ — %7’2 = 1, associated to the Pellian equation

t? — £r? =1 — £ obtained from (1). Let

= Ve(yav/2 + 29V/b) (26)

Vb(20V2 + mo\/C)

We follow the strategy used in [11] and define

A =lloga—mlog S+ log~. (27)
As in [11, Lemma 3], it can be proven that
0<A<p?m, (28)
for m > 1, which easily leads to 0 < A < g-. From (28), we have
log A < —2mlog 8. (29)
For the possibilies from Lemma 1, we denote

0, for a),
A=< 1, forb) with zy = ¢, (30)
—1, for b) with zp = —t.
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In this section we show an upper bound on |(I — A) log a« — m log 8| and we
also show that A =1 — A —vm # 0. Then we use those results to get a lower
bound on index m.

Lemma 2. If x = p; = V,,,, where p; and V,,, are defined by (22) and (23),

then
2v/2
|(l—)\)logoz—mlogﬂ|:A—)xlogoz—log*y|<\/\g. (31)

Proof. We show this for each possible case in (30) separately.
a) If A =0, then

—*/E(\/%L\/B)—(Hﬁ)(u&)n.

VB(/e = V2)

Hence,

0 < logy <log <1+:/[§) + log <1+\ﬁ\/§\ﬁ>

V2 V2 2v2
<%+\ﬁ—\/§<\/5’

which implies (31).

b) If A=1 and zg = ¢, then v = eWOEVD) 1y thig case

Vb(tv2+ry/c)”
_ V2
\ B B +1/2¢(r + v/2b) Py
aty—l=ay—1= .
Vb(tV2 + r/¢)
Since b > 4000, we have
V2¢(r + v/2b) +0.01
lay — 1| <
Vb(tV2 + 1/¢)

and since

V2e(r +V2b) — V2(tV2 + r/e) = 2vVbe — 2t < 0,

it follows that
1.42
lay — 1] < —.

Vb

Furthermore,
1.42

[log(aA)| = [log(1 + (eA = 1))[ < 7

o (31) holds.
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c) f A=—1and zp = —t, then v = %. In this case

atMy—l=alty—1
~ V2(tVbe — be) + 2Vb(r + V2b) £ V2c(tV2 + 1y/c)
Volr + V3b)(c - 2) |

By (1), t > Vbe, so we have

1 L2 V2e(tV2 + 1v/c)
V20(r +V20)(c—2)  ¢—2  Vb(r+V20)(c—2)

Since b > 4000, from

V2e(tvV2 +ry/e) NG 2V2(r + V2b) + ti\ﬁ?

la™ty — 1] <

(r+v2b)(c - 2) (r+v2b)(c - 2)
2 .
c—2
we get
|ofl'y— 1| < 1 n 2 n 1.42 < 1.46.
V2b(r+vV2b)(c—2) ¢—2 Vb Vb
Finally,
log(a~"2)] = [log(1 + (a~1A — 1))] < 48
g g N

o (31) holds.
O

As in [11, Lemma 5], we prove that the index [ is not a multiple of index m
increased by A, but here the situation is not completely analogue. We have to
consider each possible value of v separately and apply mathematical induction
over m. To do that, we will need the following elementary lemma.

Lemma 3. If (¢m)m>0 is a second order linear recurrence relation with kernel
(A,B), i. e.

dm+2 = AQm+1 + qu7

then (gam+1)m>0 s also a second order linear recurrence relation with kernel
(A2 +2B,—-B?), i. e.

Gomt1 = (A% +2B)gom—1 — B*qam—3.
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Proof. From the initial recurrence relation, we get

Gom+1 = A(Agam—1 + Bgam—2) + Bgom-1
= A%q2m—1 + B(g2m-1 — Baam—3) + Bgam-1
= (A2 +2B)gam—1 — B%qop_3.

O

Lemma 4. Let p; = V,,, for some positive integers m and l, where p; and
Vin are defined by (22) and (23). If the Diophantine quadruple {2,b, c, #},
where ¢ = ¢ for v € {1,2,3} and v = p; = V,,,, is not reqular, then

A=]l—-X—vm#0.

Proof. Let us define

o’ = (r+V2b)" =T, + U,V/2b, (32)

with
TO = 17 T1 =T, TV+2 = QTTV+1 - Ty, (33)
UQ = O, U1 = 1, Uy+2 = 2’/“Uy+1 — UV, (34)

for v > 0. Notice that the sequences (T,),>0 and (U,),>o are positive and
increasing. From (33) and (34), by induction, we get

Tml/+2u - 2Tuva+v - Tmz/
and
Umu-i—Qu = ZTyUmu-i-u - Umu~

Hence, from (23),
Pmvt2v = 2LuPmv+v — Pmuv-

Also, it is easy to show that p, = x2T, + 2y2U,. By (9), (10), (33) and (34),
we have
s=sT=T,+20,, (35)

for v € {1,2,3}. We distinguish three cases, depending on the value of A in
(30).

a) If A =0, then 2z = +1,20 = 1,42 = 22 = 1 so p, = T, + 2U,. In (22)
and (23), we have

‘/O = 17 ‘/1 =S + 2) Vm+2 = 25Vm+1 - Vma
po=1, p1=7+2, piy2=2rpiy1—pi,
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for m,l > 1. If we prove that V,, # pmu, then [ # muv so, in this
case, A # 0. More precisely, by induction over m we will prove that if
{a,b,c,d} is irregular, then V,,, # pp,,. We distinguish two cases in (35).
Notice that in this part of the proof we consider the case from Lemma
1 a), so ¢ = V,, is not even possible for odd values of m.

al) Let s =s} =T, +2U,.
Let Vi = s —2. For m = 1, we have V| < p,. For m = 2 and
v =1, we have x = Vo = py = 2s(s — 2) — 1. In that case, we
get a regular quadruple {a,b,c,d}, where ¢ = 2k? + 6k + 4 and
d=d; = 4(3 + 20k + 42k? + 32k> + 8k*). For v > 1,

Vo =2s(s—2)—1>2T,p, — po = p2w
is equivalent to

(T, +20,)(T, +2U0,-2)>T,(T,+2U,) & T,+2U,-2>T1T,
< U, > 1.

For m = 3 and for v > 1, we have
Vi = 2sVp — (5 - 2) > 2T, p2u — D = P3v,
because this is equivalent with

25(2s(s —2) — 1) = T, — 2U, + 2 > 2T, (2T,,s — 1) — T, — 2U,
& 25(25% — 4s) — 2(T, +2U,) + 2 > 4T?s — 2T,
& 2s5(s2 =25 —T2%)—2U, +1>0,

which is true since s? — 2s — T2 > 1.

If Vi = s+ 2, then V; > p, and V5 > py, for v > 1.

In both subcases V; = s —2 and V; = s+ 2 of the case al) the step
of induction is the same. We assume p;,,+, < V41 which implies

Pmv+2v = 2Ijlfpmu—i-u — Pmv < 2Tyvm+1 + (4UVVm+1 - Vm)
= 2T, + 2U,) Vi1 — Vin
= 28Vm+1 - Vm

= Vm+2-

Hence, we have proven V,,, # pp,, in the case al).
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a2) Let s=s, =T, — 2U,.
For v = 1, we have s = s; = r — 2, which is not possible. For
v € {2,3}, we have the following situation. For m = 1, we have

=T, +2U, >T, —2U, +2 =V,

which is equivalent to U, > j:%.
If m = 2, there holds

Vo < poy & 25 +4s —1 < 202 +4T,U, — 1
& 2(T? — 4T, U, +4U) + A(T, — 2U,) — 1 <
< 2T? +4T,U, — 1
& 2U% + (T, — 2U,) < 3T,U,,

which is true because T, > 2U,,.

Before doing step of induction, let us notice that 27, — 1 > 2s and
that (Pmy)m>0 is increasing sequence.
Assume now that ppy4+, > Vg1, Then,

Pmwv+2v = 2L, Pmy+v — Pmw
= 2T, — DPmvtv + Pmvtv — Prmv
> 25Vin+41
> 28Vin+1 — Vin
= Vinyo.

Therefore, V,;, # pmy in the case a2).

b) If A =1, then zp = t,xg = 7,220 = 1,y2 = £1 so p, = T, + 2U,.. From
(22) and (23), we have:

Vo = T, Vi=rs + 2t, Vm+2 = 25Vm+1 - Vma
po=1 p1=r=%2, pyo=2rp1—p,

for m,l > 1. Notice that (V)m>0 and (p;)i>o are increasing sequences.
If we prove that Vi, # pmu+1, then I # mr 4+ 1 so A # 0. By induction
over m we will prove that if {a,b,c,d} is irregular, then V,, # pmy11.
Notice that here we consider the case from Lemma 1 b), so x =V, is
not possible at all for even values of m.

For m =1, if x =V} = p,41 then, by (5), d = d4. For m > 2, the idea
is to express s and t as polynomials in variable r. Hence, we also have
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Vi and p; expressed as polynomials in variable r and we can compare
them. Forv=1s=s =r+2andt =t = (r? +2r —1)/2. We
obtain p3 < Vo and py < V3. For v =2, if s = s; = 2r? —4r — 1 and
t =1ty =7 —2r2 —r+1, it holds ps > V5 and p; > V3. Similarly,
if s = s;r = 2r2 + 47 — 1, then ps < V, and p; < V3. For v = 3,
if s =355 = 4r3 — 8r2 — 3r + 2 then p; > Vo and pig > Vi, while if
s = s;{ = 473 + 8r2 — 3r — 2 then p; < V5 and p1g < V3. Therefore, for
m = 2 and m = 3, we have V,,, # pum+1-

The step of induction can be obtained for each possible value of v sepa-
rately, as follows. For v =1, if p,,, < V,,—1 then

Pmtl = 2TPm — Pm—1 < 21V 1 + 2V 1 = Vi 2
= 25Vm—1 - Vm—2
_—

For v = 2, we will use Lemma 3.

Let s = s, . If pay—1 > Vi1 then, by Lemma 3,

Pam+1 = (417 — 2)pam_1 — Pam—3 > (472 — 3)pam_1
> (4r% = 3) Vo1

4r? -3
>

Let s = 53’. If pom_1 < Vj—1 then, by Lemma 3,

Poemi1 = (4r° = 2)pam—1 — Pam—3 < (47° — 2)pam_1
< (4% =2V

472 — 2
< Vin

2s —1
4r2 -2

=V, < V.
472 +8r — 3
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For v = 3, we firstly get

P3m+1 = 2IP3m — P3m—1
= 2r(2rp3m—1 — P3m—2) — P3m—1
= (4" = 1)p3m—1 — 2rp3m—2
= (4r° = 1)(2rpam—2 — P3m—3) — 2rP3m—2
= (87 — 47)p3m_2 — (47% — 1)p3ym_s.

Hence,

(87‘3 —4r? — 4y + Dpsm—2 < p3m+1 < (8’)"3 — 4r)p3m—2a. (36)

Let s = s5 . If p3pm—_2 > Vi1 then, by (36),

P3m41 > (8r3 —4r? —dr + 1)psm—2 > (87"3 —4r? —4r + DV
8r3 —4r2 — 4 1
r r r+ v,
2s
8r3 —4r? —4r 4+ 1

- Vi > Vi

8r3 — 1672 — 6r + 4 >

Let s = s3. If p3m—2 < Vju_1 then, by (36),

Pami1 < (87 — 4r)pam_o < (87 — 4r) V4
8rd3 —4r
2s—1 ™
8r3 — 4

= L Y, <V

8r3 41672 — 61 — 3

c) We omit the proof as it is very similar to the proof of case b).
O

Remark 1. If [ = 0 or m = 0 in equation © = p; = V,,,, then d = 0 by (12),
(22), (23) and Lemma 1. If m = 1, then we can obtain a regular quadruple
{2,b, ¢, %}, as it is explained in parts b) and c) of the Lemma 4. Since in the
part a) the case x = V is not possible, for m = 1 the quadruple {2,, c, ””22’1

is regular, if it exists. If m = 2, then we can also obtain a regular quadruple
{2,b, ¢, %}, as it is explained in the part al) of the Lemmma 4. By Fujita
[9, Lemma 8], for m = 2 we can’t have an irregular Diophantine quadruple.

Now we want to find the lower bound for m in a solution (I,m) of the
equation p; = V.
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Lemma 5. If the equation p; = V,,,, where p; and V,,, are defined by (22) and
(23), has a solution (I, m) with m > 1 then, for b > 4000, we have

m > 0.69|A[vblog . (37)

Proof. From (31), we obtain

’l -\ logp 2v/2
m log o m\/Blog a
Using that and (32), we further obtain
A 1 2v/2
I1Al _ |logb _ vl + L (38)
m log « m\/Blog o
Also, there holds
logh | _|loa(zr)| _ |los(l+75) (39)
log o | loga | log o '

Using (25), (32) and (35), we have

1 1
lﬂ—a" _ s+2c— (r+ v2b)” _ 28— e T (QTV’ TV+UV\/%)
av (r + V2b) T, + U, V2b
1 1
_’i4Uu_s+\/ﬂ+Tu+UV\/ﬁ 4Uu+001 < 1.42
T, + U,V/2b 20,20 Vb
Hence,
B—a” B—a’| 144
log (1+ =) | < L0t~ | < N (40)
From (38), (39) and (40),
Al 1w 2v2 144422

L’ —+ =
m Vbloga  mvbloga Vblog a
and then
1.44m 4 2v2 > |A|Vblog a.

Therefore, (37) holds. O
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4 Linear forms in two logarithms and the proof of The-
orem 1

As in [11], we apply Laurent’s results (see [13]) on linear forms in two loga-
rithms. We obtain an upper bound on m, which will contradict lower bound
from Lemma 5 unless & < 10° roughly. Then we finish the proof of our main
result using the well known Baker-Davenport reduction method.

We can rewrite (27) into

v

A =log(a®t*y) —mlog (g) = mlog (%) —log(a=2"*71), (41)

where «, 8, v and «” are given with (24), (25), (26) and (32), respectively.

Let o := % and ay := o®t*y. Then, a; is a zero of the polynomial

= X4 — 45T, X3 4+ (4T? + 8¢+ 1)X? —4sT, X +1,

which is its minimal polynomial over Z, or minimal polynomial divides it.

For any non-zero algebraic number « of degree d over Q, with minimal
polynomial ag H?Zl(X —ali )), the absolute logarithmic height of « is defined
with

d
1 .
h(a) = p <log lao| + E log max{1, |a(3)}>,
i=1

where o) are the conjugates of o in C. Here we have the linear form (41) in
two algebraic numbers a; and ay over Q. Since at most two conjugates of ay
are greater than 1, depending on wether o > f or ¥ < 3, as in [11], we have

h(al) §

loga or h(ar) < =logp.

[VIIN
N —

It holds

1
(™) = Z|A + A loga
2
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and
ﬁ(yzx/?erQ\/E)) <y2\/§+x2\/5> <ZO\/§+xoﬁ)
h(v)=nh h| =¥/ h| ———
) <ﬁ<zm TV = A NG
< %log(b +V/2b) + %log(rc +tv2¢)
< %log(4rbc) < ;loga + log 3.
Therefore,

h(ag) = h<aA+/\’7) < —(|[A+ A+ 3)loga +log 5.

DN | =

By (40), 128l < L4268 Agsuming k > 1000, we have
|log o — B < 0.01.

We use the notation as in [11, Lemma 8] and get

hy = gloga+0.01 > h(ay),

1
hy = i(m + Al +3+2v)loga+0.01 > h(as).

Further, since by (41) by = m, by = 1 and D = 4, we have

|2 1

= < 0.07.

Dhy  2vloga+0.04

Let us define
v i +0.07. (42)

" 2([A+A[+3+2v)loga+ 0.04
If logb' +0.38 < % = 7.5, then
b < 1236.
Else, by [11, Lemma 8],
log |A] > —17.9 - 4*(log V' + 0.38)%*h 1 hs.
Also, by (29),

mlog B < 17.9 - 128(log b’ + 0.38)2hy hy.
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Since log 8 > log ¥ — 0.01 > 2h; — 0.03, we have
m < 1.01-17.9 - 64(log b’ + 0.38)%hy

and then

b —0.07 = 4%2 < 289.264(log b/ + 0.38)2,

which yields &’ < 33789.

Finally, from (42), we obtain the following statement.
Lemma 6. If for the triple {2,b,ct}, with 1 < v < 3, the equation p; = Vi,
where p; and Vi, are defined by (22) and (23), has a solution (I,m) with m > 1
then, for k > 1000, we have

m < 67578.15(|A + A| + 3 4 2v) log o + 1351.57. (43)

If the Diophantine quadruple {2, b, c, %}, where ¢ = ¢ for v € {1,2,3}

and z = p; = V,,, is not regular, then by Lemma 4, A # 0. Therefore, we
assume that |[A| > 1. If £ > 1000, by Lemma 5 and Lemma 6, we get

0.69|A\\/510goz < 67578.15(JA + Al + 3 + 2v) log o + 1351.57.
From that, we have
A5(JA+ A 2 1351.
\/l—)<67578 5(JA+ A +3+2v) 351.57
0.69|A| 0.69|A| log &
< 97939.36(2v + 5) + 257.71
< 1077590.56.

By inserting (6) into the last inequality, we obtain
k < 761970.

We now finish the proof of Theorem 1 using the Baker-Daveport reduction
method, which is standard method in solving such problems for years. We
use its version from [8]. We get the first bound m < 1.33 - 10'® using the
same method as it was used in [7, Section 8]. Only this time we have the
exact values for fundamental solutions. In at most two steps of reduction in
all cases we get m < 3. By Fujita [9, Lemma 8], if the equation (19) has a
solution which leads to an irregular Diophantnine quadruple, then m,n > 3
and (m,n) # 3. Hence, if m = 3 then n > 4. By Dujella [7, Lemma 3], for
m = 3 it holds n < 4. Therefore, n = 4, which is not possible since m and n
have the same parity. That finishes the proof of Theorem 1 since for m < 2,
by Remark 1, we get only the extensions to a regular quadruple (or d = 0).
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