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THE PROBLEM OF THE EXTENSION OF D(4)-TRIPLE
{1,b,c}

KouEsst NORBERT ADEDJI, ALAN FILIPIN AND ALAIN TOGBE

ABSTRACT. In this paper, we study the extensibility of the D(4)-triple
{1,b,c}, where 1 < b < ¢, by proving that such a set cannot be extended
to an irregular D(4)-quadruple only for some values of c. For this study,
we will use the classical methods based on the resolution of the binary
recurrence sequences with new approaches in order to confirm a conjecture
of uniqueness of such an extension.

1. INTRODUCTION

Diophantus raised the problem of finding four (positive rational) numbers
a1, a2, a3, aq such that a;a; + 1 is a square for each 1 <7 < j < 4 and gave a
solution {1—16, %7 %, %} . The first set of four positive integers {1, 3, 8,120}
with this property above was found by Fermat. Replacing “ 4+ 1” by “ + n”
leads to the following definition.

DEFINITION 1.1. Let n be a nonzero integer. A set of m distinct positive
integers {ai,...,amn} is called a D(n)-m-tuple (or a Diophantine m-tuple with
the property D(n), or a P,-set of size m) if a;a; +n is a square for each
1<i<j<m.

One of the most interesting and most studied questions is how large those
sets can be. In the classical case, first studied by Diophantus, i.e. when
n = 1, Dujella [7] proved that D(1)-sextuple does not exist and that there
are at most finitely many quintuples. Over the years many authors improved
the upper bound for the number of D(1)-quintuples and finally He, the third
author and Ziegler [14] gave the proof of the nonexistence of D(1)-quintuples.
To see details of the history of the problem with all references, one can visit
the webpage of Dujella [6].

Variants of the problem when n = 4 or n = —1 are also studied frequently.
In the case n = 4, similar conjectures and observations can be made as in the
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D(1) case. In the light of that observation, the second author and TrebjeSanin
have proven in [5] that D(4)-quintuple also doesn’t exist.

A D(4)-pair can be extended with a larger element ¢ to form a D(4)-
triple. The smallest such ¢ is ¢ = a + b + 2r, where r = v/ab+ 4 and such
triple is often called a regular triple, or in the D(1) case it is also called an
Euler triple. There are infinitely many extensions of a pair to a triple and
they can be studied by finding solutions of a Pellian equation

(1.1) at® — bs®> = 4(a — b),

where s and t are positive integers defined by ac + 4 = s? and bc + 4 = t2.
Then, for a D(4)-triple {a,b,c}, a < b < ¢, we define

d:di:a—i—b—«—c—i—%(abci \/(ab+4)(ac+4)(bc+4)),

and it is easy to check that {a,b,c,ds} is a D(4)-quadruple, which we will
call a regular D(4)-quadruple, and if d_ # 0 then {a, b, ¢, d_} is also a regular
D(4)-quadruple with d_ < ¢. A famous and still open conjecture related to
the regularity problem is as follows.

CONJECTURE 1.2. If {a,b,c,d} is a D(4)-quadruple such that a < b <
c<d, thend=d.

Results which support this conjecture in some special cases can be found
for example in [9], [11], [12]. But, in the framework of the proof of this
conjecture, Trebjesanin [4] recently proved the following result.

THEOREM 1.3. (See [4, Corollary 1.7]). Any D(4)-triple can be extended
to a D(4)-quadruple with d > max{a, b, c} in at most 8 ways. A regular D(4)-
triple {a,b,c} can be extended to a D(4)-quadruple with d > max{a,b,c} in
at most 4 ways.

It is interesting to observe that the problem of extending a D(4)-pair
{1,b} to a D(4)-triple {1,b,c} can be reduced to the solving of the Pellian
equation (1.1). Notice that in this particular case where a = 1, we have to
solve the following equation

(1.2) t? — bs? = 4(1 —b),

which has infinitely many solutions divided into classes of solutions. By the
arguments of Nagell [17, Theorem 108a], equation (1.2) has finitely many
fundamental solutions (so also classes of solutions). Also, there are at most
2¢(4(=1)) classes of solutions with ged(t,s) = 1, where w(4(b — 1)) denotes
the number of distinct prime factors of 4(b — 1). All elements of one class
of solutions of equation (1.2) can be obtained from a fundamental solution
by multiplication with a power of the minimal solution in positive rationals
for the associated Pellian equation. Therefore, all positive solutions (¢, s) to



THE PROBLEM OF THE EXTENSION OF D(4)-TRIPLE {1,b,c} 23

equation (1.2) which belong to the same class and induced by the fundamental
solutions (+2,2) can be expressed as

T+

\/B k
. = (24 2V0)(Tu + UpVb), k>0,

(1.3) t+sVb = (£2+2VD) (

where (T}, Uy) is the k-th positive rationals solutions to the Pellian equation
T? —bU? =T? — (r* —4)U? = 1.

Note that, for some choices of b there are other fundamental solutions of the
equation (1.2). It is easy to show by induction that

(1.4) Ty=1, Ty=%, Tipo=1Ths1 —Th, k>0

(1.5) Uy=0, Ui=3%, Upo=rUps1 —Us, k=>0.
So, by (1.3) we observe that

(1.6) (s,1) = (s\) )y = (23, + 20Uy, £2T, + 2bU3)
and

(1.7) A = o= — 4 = 4°U7 - 1202 £ 8T} Uy

Thus, we will study the extensibility of the D(4)-triples
{1,b,c,(f) , for k=1,2,...

To effectively study the extensibility of our previous D(4)-triple, we will
focus our attention on the following theorem which is the main result obtained
by Trebjesanin [4]. In reality, this result will help us to have an idea of the
element ¢ = céi) of the extension of D(4)-triple {1,b,c} to an irregular D(4)-
quadruple. So, for a fixed D(4)-triple {a,b,c}, denote by N the number of
positive integers d > d4 such that {a,b,c,d} is a D(4)-quadruple. We have
the next result

THEOREM 1.4. ([4, Theorem 1.6]). Let {a,b,c} be a D(4)-triple with
a<b<ec
i) Ifc=a+b+2r, then N < 3.
ii) Ifa+b+2r #c<b? then N < 7.
iii) If b* < ¢ < 39247b*, then N < 6.
iv) If ¢ > 39247b*, then N = 0.

Using the item iv) of Theorem 1.4, equation (1.3) and the inequality
b > 10° of [4, Lemma 2.2], we get

$2 > (\/57 1)2 . bk;717
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and for k > 5 we obtain ¢ = s? — 4 > 39247b*. Consequently, we only need
to consider 1 < k < 4. Therefore, there are the following 8 cases to take into
account:

r? —3+2r,

cgi) =7t =32 + (2% — 4r),

cz()’i) =0 5t 472 -3+ (27“5 — 8% +67),

= S =TS 16t — 120 4 (207 — 127% 4 207° — 8r).
Since bey +4 = 0% —2br + 12 = (b—r)? < b?, it follows that ¢; < b. We set
7" = r—1in the case ¢ . Then, the triple {1, ¢, b} is {1, 7> —4,7"?+2r'—3}. This
corresponds to {1,¥’, (¢/){}. Notice that in all other cases we have 1 < b < ¢

Also, it is easy to see that the D(4)-quadruple {1, b, c,(f), c,(i)l} is regular.

The preceding observations allow us to state our main result, which is to
prove the following theorem.

o
Y
Il

THEOREM 1.5. If {1,0, c,(vi),d} is a D(4)-quadruple with d > c,(gi), then
d= Cl(i)l' More precisely, the D(4)-triple {1,b, c,(ci)} cannot be extended to an
irreqular D(4)-quadruple.

Taking into account the observations mentioned above, Theorem 1.5 al-
lows us to deduce the following statement.

COROLLARY 1.6. If 4(b — 1) is a prime power, then any D(4)-quadruple
which contains the pair {1,b} is regular.

REMARK 1.7. However, 4(b — 1) can be prime power only if b = 5. But it
should be noted that it is not only the case when we will have such sequences
of ¢’s that are extending our pair {1,b}. But we can also have some additional
¢'s that extend our D(4)-pair {1,b}. For example, for b = 96, we have the
sequences:

= 77, 7740, ...
= 117, 11660, ...
while, for example ¢ = 672 also extends the pair {1,96}. That extension comes

from the fundamental solution (tg, so) = (22, 3) of the equation t? — 9652 =
—380.

C

NI

C

In order to prove Theorem 1.5, we will follow the methods described in
[13] by He, Pintér, the third author, and Yang. In Section 2 of this paper,
we will recall some useful lemmas and then we will transform the problem of
extending a D(4)-triple {1,b,c} to a D(4)-quadruple {1,b,¢,d} into solving
a system of simultaneous Pellian equations, which furthermore transforms
to finding intersections of binary recurrent sequences. In Section 3, we will
use a linear form in three logarithms to obtain a lower bound for one of the
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index of the sequences. In Section 4, we will now give an upper bound to the
bounded index of the previous section through the application of a result due
to Laurent [15]. Section 5 of this paper will be devoted to the proof of our
main theorem. For this, we will apply a Matveev [16] result and then we will
end by applying the Baker-Davenport reduction method.

2. SOME USEFUL LEMMAS AND SYSTEM OF PELLIAN EQUATIONS

In this section, we will recall or prove some useful lemmas that will be
used to prove Theorem 1.5. So, let us consider a D(4)-triple {1,b,c}. When
trying to extend D(4)-triple {1,b,c} to a D(4)-quadruple {1,b, ¢, d}, we have
to solve the system

d+4=2% bd+4=y> cd+4=2°

where x,y,z are positive integers. Eliminating d, we obtain the following
system of Pellian equations

(2.1) 22 —cax® = 4(1—¢),
(2.2) b2? —cy? = 4(b— o),
(2.3) y? —br? = 4(1 D).

Each of equations (2.1), (2.2) and (2.3) has finitely many fundamental so-
lutions (zg, o), (21,41) and (y2,z2), respectively. From these solutions, all
solutions (z,z), (z,y) and (y, ), of (2.1), (2.2) and (2.3), respectively, are, by
([7, Lemma 1] or [17, Theorem 108a]), given with

(2.4) 2t ave = (20 + 2ove) <s+2*/g>m, m >0,

t_’_\/%)n
9 ’

(2.5) Vb +yve = (21Vh+ y1ve) (

!
(2.6) y+avh = (y2 +22Vb) (T—;\/B) , =0

For any solution (z, y, z) of the system (2.1)-(2.2)-(2.3), we have z = v,;, = wy,
for some non-negative integers m and n, where the sequences (v, )m>0 and
(wn)n>o are obtained using (2.4) and (2.5) and given by

1

(2.7) vg = 29, U1 = 5(820 +¢T0), VUm+t2 = SUm41 — Um,
1

(2.8) wo = 21, wWp = 5(1521 +ey1), Wpio = tWpp1 — Wy

Hence, we are solving the equation

(29) Um = Wn,
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in n,m > 0. The initial terms of these equations were determined by the
second author in [10, Lemma 9] and recently improved by TrebjeSanin in the
following Lemmas:

LEMMA 2.1. ([4, Theorem 1.3]). Suppose that {a,b,c,d} is a D(4)-
quadruple with a < b < ¢ < d and that w,, and v, are defined as before.

i) If equation vy, = way, has a solution, then zg = z1 and |z| = 2 or
20| = % (cr — st).

i1) If equation voy,11 = way, has a solution, then |zo| =t, |21] = %(cr—st)
and zpz1 < 0.
ii6) If equation vay, = want1 has a solution, then |z1| = s, |zo| = (cr —st)

and zpzy < 0.
) If equation va,11 = Wap+1 has a solution, then |z0| = t, |z1| = s and
z0z1 > 0.

Moreover, if d > dy, case ii) cannot occur.

LEMMA 2.2. ([4, Lemma 2.13]). Let {v,, m} denote a sequence {vy,} with
an initial value zo and {w,, n} denote a sequence {w,} with an initial value
z1. It holds that VL (er—st),m = U—t;m+1, V_1(er—st)mi1l = Vt,m for each m >0
and W (er—st)yn = Wosntls W_L(cr—st)nt1l = Wsn for each n > 0.

By Lemma 2.1 and Lemma 2.2, we have to consider the following result.

LEMMA 2.3. Assume that {1,b,¢,c} is not a D(4)-quadruple for any ¢
with 0 < ¢ < c,f_l and k > 2. Then, neither vo, 11 = Wan NOT Vapy = Wap41.
Moreover,

(2) If voy, = way, has a solution, then zy = z1 = £2 and ©g = y1 = 2.
(i) If vamy1 = wany1 has a solution, then zo = £t, 21 = £s, xp =1 =7
and zgz1 > 0.

PROOF. The proof of this lemma is similar to that made by Baci¢ and the
second author in [1, Lemma 3] and also in [2, Lemma 2]|. For the first part of
the lemma, if vo,, 11 = way,, define dg := (22 —4)/c. Then the proof of part (i7)
in [10, Lemma 9] implies that dy > 0 and that {1,b,¢,dp} is D(4)-quadruple.
On the other hand from the estimate for |z1| in [4, Lemma 2.5], it is easy to
conclude

(2.10) do = =-(:-4) < E (C\/E —4) < ﬁ

¢\ Vb
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Moreover, from (1.7) for k > 2, we have Uy < rUi_1 and T} < rTj_; and
therefore

2
(c;ﬂ) = 16 (r2U}_, (r2 — 6) + U2, (AT2_, + 9U2_,) & Tp_1UP_, (4r2 — 12))

16

> 3 [Ug(r? —6) + UF (AT, +9UZ_)) £ Tp 1 Up_y (47" —12r%)] > 0
16 (%)

> ﬁck .

So we have 2 16
+ +
()7 > g
and

Vvb+4
(2.11) Vel < T+c§i)1.
From (2.10) and (2.11) we conclude

dp < L + 1 cff_)l < c](f_)l
which contradicts the assumption of the lemma. Therefore, vg,,11 = wa, has
no solution. The case va,, = wa,+1 can be proven in the exactly same way.
For the second part of the lemma, (i7) is just Lemma 2.1, part (iv). As for (4),
if vay, = way,, then we know by [10, Lemma 9], part (i) that zg = z;. Suppose
that |21] > 2 and define dy := (22 — 4)/c. Then we see that dy > 0 and that
{1,b,¢,dp} is D(4)-quadruple. On the other hand, as we have already seen
we have dy < cp—1, which contradicts the assumption of the lemma. This
completes the proof of the lemma. ]

In other cases, we get the same intersections of sequences. For any solution
(x,y,2) of the system (2.1)-(2.2)-(2.3), we also have y = A, = By, for some
non-negative integers n and [/, where the sequences (4,,),>0 and (B;);>o are
obtained using (2.5) and (2.6) and given by

1
(212) Ay = Y1, A = §(ty1 + bZl), An+2 = tAn+1 —A,,

1
(2.13) By=1vys, By = 5(7“:[/2 + bxg), Biio =rBiy1 — By.

Thus, we have to solve the following equation
(2.14) A, = By,
inn,l > 0. Using Lemma 2.3 and [4, Lemma 2.2], we have the following result.

LEMMA 2.4. Assume that {1,b,¢,c} is not a D(4)-quadruple for any ¢
with 0 < ¢ < qu and b > 10°. Then, A, = Boi+1 has no solution. More-
over, if A, = Boy then yo = 2. In other cases, we have yo = +2.
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PRrROOF. From (2.12) and (2.13), by induction on n,, we easily get

t
Aoy, =y1 (mod b), Agpy1 = % (mod b),

By =yo (mod b), 2Bg41 =rys (mod b).

Since we know with certainty that ¢ is even, in the continuation of our proof
according to the case, we can multiply the congruences by 2 in order to make
our transformations light. From [5, Lemma 8], we have

L< |y <V (r=2)(b—-1)

and in the proof of [5, Lemma 10], we have the following bound on ys, i.e.
lya| < b4,

If As,, = Bagy, then we have y; = yo (mod ). As y1 = 2 and |ys| < b3/t <
% for b > 10°, then yo = 2.

If Ay, = Baiq1, then2 = =2 (mod b) so 4r = r?ys (mod b). Asb+4 = r?,
then we get 4r = 4y, (mod b). Since, for b > 10°, |4y < 4b%/* < % and
[4r| < g, thus 4r = 4ys and then yo = 7. In this case, from (2.3), we obtain
x5 = % (y% -4+ 4b) =5, which is not possible.

If Ag,i1 = Bsgy, then from Lemma 2.3 we have %t = yo (mod b). From
(1.6), we conclude that t = +2Ty, + 2bU, = +2T}, (mod b). It is easy to check
that 7}, = 1 (mod b) or Ty = § (mod b), where T} is given by Ty = 1,11 =
5:Tkq2 = rTry1 — T. We conclude that ¢ = £2 (mod b) or t = £ (mod b)
and it follows that y, = £2 (mod b) or yo = £r (mod b). Notice that the
case yo = £ (mod b) leads to a contradiction thus we consider only yo = £2
(mod b). It follows that yo = +2.

If Agpy1 = Baiy1, then by Lemma 2.3, we have & = "2 (mod b). This
implies that ¢tr? = 72y, (mod b). Since r> = b+ 4 and t = +2 (mod b) or
t = +r (mod b). Then y; = £2 (mod m) or yo = +r (mod M). As
b > 105, then it is easy to show that the case y» = +r (mod m) gives a
contradiction and we obtain yo = £2. |

Therefore, the fundamental solutions of equation (2.3) are (y2,z2) = (£2,2).
Finally, we will determine the integer solutions (z,y, z) of the following
system

y? —bx? = 4(1 - b),
22 —cx? =4(1 - ¢).

From the above result, we have to solve the equation

(2.15) z =P =Qn,
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for non-negative integers [ and m, where the sequences (P,);>0 and (Qm)m>0
are obtained using (2.4) and (2.6) and given by

1
(2.16) Py=wz, P = 5(7‘332 +y2), P2 =1Py1— B,

(2.17) Qo =20, Q1 = %(Swo +20), Qmi2 = 5Qmi1 — Qm.

Using again (2.4) and (2.6), we get

(2.18) P = %ﬁ [(yz +22Vb)a! — (y2 — a:z\/g)a_l} ,
(2.19) Qm = L [(Zo + 20v/¢) ™ — (20 — xo\/E)ﬁ_m] ,

2/c

where a = %‘/E and = %‘/E are solutions of Pell equations 72 — bU? = 1
and W2 —cV?2 = 1, respectively. In view of the above results, we also conclude
that there are two types of fundamental solutions as follows:
Type A: If l=m =0 (mod 2), then 2o = £2, o = y2 = 2 and x4 = 2.
Type B: If m =1 (mod 2), then zg = £t, xg =7, y2 = £2 and a2 = 2.

The next result will help us to determine a relation of indices I and m if
the equation P, = )., has a solution.

LEMMA 2.5. If P, = Qu has a solution (I,m) with m > 1, then m < l.

PROOF. The proof of this lemma is done in two parts taking into account
Type A and Type B. In the case of Type A, the proof is similar to that of
the second author, He and the third author in [12, Lemma 9]. Finally, in the
case of type B, we use the same strategy as [12, Lemma 9] by focusing on the
cases zg = t and zy = —t. 0

3. LINEAR FORMS IN THREE LOGARITHMS

Using technique from [3], first we transform equation (2.15) into an in-
equality for a linear forms in three logarithms of algebraic numbers. So, we
will consider the following linear form in logarithms

(3.1) A =lloga —mlog B+ log~,

Ve(yz2+z2Vb)
Vb(zo+zov/ec)

LEMMA 3.1. If P, = Q. has a solution (I, m) with m > 1, then
0 < A <1.0064372™.

where v =

PRrROOF. Put

y2+x2\/5al and F — 20+I0\/E

P=70 NG

B
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It is clear that E, F' > 1 if m > 1. Then equation P, = ),,, becomes

-1 -1
(3.2) E+4(bb) E1:F+4<C )Fl.
c
Since ¢ > b > 10°, we have % > b;bl. It follows that
-1 -1
(3.3) E+4 (bb) E'>F+4 (bb> F!
and hence

(E—F) (EF—4<Z);1>> > 0.

So we get E > F. Moreover, by (3.3) we have

c—1

O<EF<4( >E1<4E1<4F1.

c

Therefore, we have A > 0 and

E E-F E-F 9
AlogFlog<1+ 7 >< Ia < 4F™=.
Type A:
c c
A<d———— B2 =____— ___p72M 100645 2™
<’ ESERV-EL A B’
for ¢ > b > 10°.
Type B:

e The case zy = t. We have

4
A<d—" g < ‘

G SRR

for ¢ > b > 10° and r > 100.
e The case z9 = —t. From (3.2), we get

b—1 -1 -1
F:E+4<>E‘1—4(C )F‘1>E—4(C )F‘l
b c c
-1
>E—4(C )>0.
c
In above, we use the fact that £ > 1. Thus,

P ()

-2 -2
pom < BT,
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Furthermore,

e ()
w () () ()

Moreover in type B and for m > 3, we have

_ 2., 42 3
FZT\/E t53: rie—t* s+
Ve Ve(rve+1) 2

4(c—1) 3
e Ale—1
> A (VO > e ),
which implies £ > F > 4(c — 1) and then

(3.6) CZI (E—4(C;1))_1<E1.

In fact, the case m = 1 in the equation P, = @,, is the subject of further
study in the paper. Note also that inequality (3.5) holds if y/c > 2r which is
true whenever ¢ > 7?2 + 2r — 3. So, combining (3.4) and (3.6), we obtain

(3.5)

b—1 4 4
E—-F<d4E ' —4|—=)E'=ZFE 1< ZF L
b b b
Therefore,
E E-F E—-F 4
A=log— =log|1 —F2
ogF og( + ja > < F < b
and
4 4 c c2r?
*F_2:*'7 —2m< - —2m.
b b (rﬁ—t)Qﬁ b(c — 1)25
Using ¢ > b > 10°, we get
2
r2=b+4 < 1.00004b and < 1.00003.

c
(c—1)
E 9 S .
Hence, A = log I < 1.00015~=™. Considering all cases in types A, B, we have
A < 1.006432™. This completes the proof of lemma, 3.1. 0
Put
0 if the solution (I,m) is of Type A,

A=1<2 if the solution (I,m) is of Type B, with zy = ¢,
—2, if the solution (I, m) is of Type B, with zy = —t.
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LEMMA 3.2. If the equation P, = Q. has a solution (I,m) with m > 1,
then for r > 316, we have

(3.7)

1 2
l—-X)loga—mlo < —=.
(1~ 3N loga —mlog | < =

PROOF. According to the definition of A in (3.1), we have
(3.8)

1
‘(Z— 2)\) log v — mlog 8 < |A|+ ‘log(ya%)‘)‘.

1
= ’A—log'y— 5)\10ga

Notice that one can easily get

1.0064
(3.9) 0<A< 036 .

In order to estimate inequality (3.8), we will consider three cases according
to the values of A. Let us start with the following first case.

Case I: If A = 0, then the solution (I,m) is of Type A. Since, ¢ > r2+2r—3
then we easily get

Ve@+2vh) 1+Vh e

b2+ 20 | Vb JeEl

Thus, according to the basic inequality, for x € (0,00), log(1 + x) < z, we
have

1 1 1 1 2
0<logy <log (14 —=)+log (1+——) < —+ <=,
&7 g( \/g> g( ﬁ1> Vb Ve—=1 Vb

1.

which implies

1 1.0064 2 2
(l— 2)\> loga—mlogB’ =|A —logy| < max{ } =

OO
This completes the proof in case A = 0.
Case II: If A\ = 2, then the solution (I,m) is of Type B, with z¢ = r,
To =2, zg =t and yo = +2. Here, we get
Ve(£2 + 2v/0)
Vot +7rye)

Since

var C 1= ya—1= +/e(r + V) + (by/e - tvh) _ i\/6(7«+\/5)—4t+¢jE

Vb(t +7v/c) Vb(t +7y/c)
and v/c(r +Vb) — (t + r\/c) = Vbc — t < 0, we see that
1442

1
t+vVbe  t+r/e
NG

"y~a%)‘71’<
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From ¢ > r%2 +2r — 3 and b > 10°, we get
1.00000003149 < 1
Vb 51°
Notice that |log(1 + z)| < 1.01|z|, for |z| < ;. Then we have
1.01

‘log('y . a%k)‘ = ‘log(l + (v it - 1)) < W

"y~a%k—1‘<

Using the above inequality and (3.8), we find
1.0064 1.01 1.02 2
. + 7 < 7 < 7
which prove the lemma in the case \ = 2.
Case III: If A = —2, then the solution (I,m) is of Type B, with 2y = r,

1
(- 2)\)loga—mlog5’ <

To =2, zg = —t and yo = +2. So, we have
/e(£2 + 2vD)
Vo(—t +ry/e)’
Thus, we get
4y/c(£1 b
voa —1=ry.a 1= Ve(£L + Vb) 1

Vb(—t +7/¢)(r + V)
This implies that

B ﬁ:\/E(t—i—r\ﬁ)—k\/E(r—F\/E)—&-\/%(t—\/%)'

a1 =
! Vb(e —1)(r +Vb)
Since Ve
4 be 1
t —Vbe = and < -,
trvhe i Ve 2
then
1 2 1 Ve(t +ry/c)
catr— 1| < + + :
”y “ ‘ Vblc—1)(r+vb) =1 Vblc—1)(r+Vb)
Moreover,
Vetrrye) Vb gy Vi 1

= , and < —F,
(c—1)(r + VD) (c—1)(r+ VD) t+vbe  2vb
then we can see that

Ve(t£rye) 100001

(e~ 1(r+vb) 1 < 0.0000099.
So, we have
"Y'Oﬁ%)‘ B 1‘ < 2 n 1 . 1.0000099 < 1.00317 < i
Vo(e—1)(r+vb) c—1 Vb Vb 51
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Hence, we deduce that

1.0064 n 1.0132017  1.0232017 2

1
[ —=-Xloga—mlo < < < —=.
(=g losammlogs Vi VR

This completes the proof of the lemma. 0
Put

1
(3.10) A=1— §A—km.

LEMMA 3.3. If P, = Q. has a solution (I, m) with m > 1, then A # 0.

PROOF. Assume that A = [ — XA — km = 0. For (1.4) and (1.5), by
induction, we get Tkt = 2Tk Tmk+k — Lk and Upiyok = 276 Unmk+k — Ui
Hence, from (2.16), we get Prgiaor = 2Tk Pmktk — Pmk. Also, it is easy to
show that Py = y2Uy + x2T). Therefore, we have

(3.11) Py=w2, Pip=y2Ur+ 22Tk, Pppgor =2TxPrgir — Pk

Our proof will be in three parts according to the fundamental solutions.
Part I: A\ = 0. This is Type A with x¢g = 22 = 2, zg = +2, yo = 2. We
have [ = km. By (3.11) and (2.17), we get

(3.12) Py=2, Py,=2Ux+2T%, Purior=2TPrkit — Pk
and
(313) QO = 2a Ql =s=+ 17 Qm+2 = 5Qm+1 - Qm

Let us remember that s = s,(ci) = 2T}, + 2U,,.

e Case of s = s\ ). We have P, =2U + 2Ty, > 2T, — 2U, £1 = Q1 and
Py = 2Tk(2Uk + 2Tk) —2> (QTk — QU]C)(QTk —2U + 1) — 2 = (2. Before
doing the induction, let us notice that 27, — 1 > s and that (Pgy,)m is an
increasing sequence. So, assume now that Py, > @, and Pipmir > Qmt1-
Then we get

Prktor = 2T Py — Pk
= (2T, — 1)Pritk + Pkt — Pk > 5Qm41 — Qm = Q2.

Thus, we have in this case P, = Py, > Qm, for m > 1.

e Case of s = s,(:r) and Q1 = s+ 1. We have Q1 = 2U, + 2T} +1 > 2T} +
22U, = P, and Py, = QTk(QTk—‘rQUk)—Q < (QTk—i—ZUk)(QTk—‘rQUk—‘rl)—Q =Q>.
We assume that P < Qn, and Ppgrr < Qm41, which imply

Pokyor = 2T Ppgtr — Pk
< 2Tk Q1 + QURQmt1 — Qm) = 2Tk 4 2Ur)Qmy1 — Qm = Qo

It should be noted that the above sequences (Qm)m>2, (Tk)r>0 and (Uy)k>o0
are in positive terms. Hence, we conclude that P, = Py, < @, for m > 1.
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e Case of s = sgj) and Q1 = s — 1. We get P, > Q1. Notice that
P, = 2T;€(2Tk + QUk) —-2< (2Tk + 2Uk)(2Tk + 2U; — 2) —2=(2 and
Qs — Py, = 16T2Uy + 24T, UZ + 8UP + s> — AU}, > 0.

Therefore, we assume that P, < @, and Pk < Qmy1, then

Prktor = 20w Py — Pk
< 2T Q1 + QUi Qmi1 — Qm) = (2T + 2Uk)Qmt1 — Qm = Qm2-

We have P, = Py < @, for m > 2. Thus, we obtain P, = Py, # Qn in
Type A. This contradicts the fact that [ = km.

Part II: A = 2. We are in Type B with xg =7, 20 =2, 29 = t, yo = £2.
If A =0, then | = km + 1. By (3.11) and (2.17), we get

(3.14) Py=2, Pp=2T,+2U;, Purior=2T5Prrsrr — Pk
and

1
(3'15) QO =T, Ql = §(TS + t)v Qm+2 = SQm+1 - Qm-

Ifm=0,thenl=1, P =282 — p £ 1 £ 7 = Q.
If m =1, then I = k4 1. It is easy to show that P, = Py = r(T =
(£) 4 4(F)
Uy) + bUy, + Ty, Q1 = Z ™ — (T, + Uy) + bUy, + Ty We conclude that

when s = s,(f), then we get

(3.16) P11 = Q1.

So, by induction 27} # s provides P41 # Qm, for m > 2. Notice that

if s = sl(j) and yo = —2, then Pori1 < Q2 and 2T}, < s imply Pyt <
Qm;

if s = s,(;) and yo = 2, then Popy1 < Q2 and 2Ty > s imply Prpmi1 > Q.
Therefore, Pypt1 # Q- This contradicts the fact that I = km + 1.

Part III: A = —2. We are in Type B with xg = r, 22 = 2, 29 = —t,
yo = £2. The proof is similar to that of Part II. a

The following result gives us the lower bound for m for a solution (I,m)
of equation (2.15).

LEMMA 3.4. If P, = Q. has a solution (I,m) with m > 1, then for
r > 316, we have
m > 0.983|A|Vb - log av.

PRrROOF. From Lemma 3.2, we have ‘(l — %)\) log o — mlogﬁ‘ < % and

then
2

m\/l}loga.

l— %)\ _logp
m log o
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Using that and (3.10), we further obtain
1A ‘ f%)\_logﬁ 1ogﬁ_k‘

m m loga  loga

(3.17)

logﬁ_ ‘ 2
log m\/ﬂloga.

As ok = (’“Eﬁ)k =T, +UxVb, = %\/E, with s = sfci) = 2T}, £+ 2U;, and

(3.18) log | _ log(Zr)|  [log(1+ bty
' log o | loga | log o
then we have
s+ r -2 R S
’6 - ak = +2\[ B ( +2\/E)k _ 5 s+ye (QTk Tk,+Uk,\/B)
ok (r+2\/5)k Ty + UpVb
22Uk — % — 7oos | 20, +0.0063169  1.0063169
Ty + U Vb 2Uv/b Vb
Hence we get
B—ak B —ak 1.01638
3.19 1 1 1.01 .
( ) o8 ( * ak < ok = \/B
From (3.17), (3.18), and (3.19), we obtain
Al _ 2 1.01638  1.01638 + 2

m ~ mvbloga M Vblog o - Vblog o
and then
1.01638m + 2 > |A[Vbloga.
Therefore, we get
m > 0.983|A|VD - log av.
This is the end of the proof. ]

4. LINEAR FORMS IN TWO LOGARITHMS

As in [13, Lemma 8], we apply a result due to Laurent (see [15,
Corollary 2]) on linear forms in two logarithms. For any non-zero algebraic «

of degree d over Q, whose minimal polynomial over Z is ag H?Zl(X —al9)),
we denote by

d
h(a) = é log |ao| + Zlogmax (1, ‘a(j)D

j=1

its absolute logarithmic height.
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As started in Section 1, we only need to consider the extensibility of the
D(4)-triples {1, b, c§+)} and {l,b,c,(f)}, for 2 < k < 4. Assume that r > 316
and P, = @, has a solution (I,m) with I,m > 1. We have

A =lloga— mlog B+ log~.

In order to apply the result due to Laurent, we put A = L\ — km and

)
rewrite A into the form
k

(4.1) A=log (aA+%A7> —mlog (fk) = mlog (%) —log (a—A—%A,}/—1) .

LEMMA 4.1. For a D(4)-triple {1,b,¢\)}, (1 < k < 4), if B = Q,, has a
solution (I,m), with m > 1 and r > 316, then we have

1
(4.2) m < 66972 <‘A + 2)\‘ + 2k + 3> -log oo 4+ 186091.
PROOF. Let a; = %k and oy = aA+%>"y. Then, a; is a zero of the
polynomial

X4 28T X3 + (4T2 + ¢ +2) X% — 25T}, X + 1,
whose all roots are
2(Tp + UpvVb)  2(Tp — UpVb)  2(Tx — U VD) 2(Ty, + Ui V'b)
) , , and ——M———=.
s+ +/c s —+/c s++/c s —+/c

Since oy is an algebraic unit and +y is not an algebraic unit then we conclude
that a; and o are multiplicatively independent. Here we have a linear form
(4.1) in two algebraic numbers «; and ag over Q. We note that at most two

conjugates of a; are greater than 1, depending on whether o > 3 or o < f.
So, we get

k 1
h(ag) < §loga or h(ag) < glogﬁ.

Also, it is easy to see that h(aA'*‘%)‘) =1 ’A + %)\’ -log o and

_ o [ Vel eVt ve + 22vh 20+ 2oVh

1 1 1
< 5 log(4b — 4) + 3 log(rc + ty/c) < 3 log(8ber)
3
< 3 log a + log 3 + log 4.
Therefore, we obtain

Baz) = b (a2H80y) < b (a®F3Y) 4 a(y)

(

IN

h
1
2

1
A+ 2/\’ —|—3> log o + log B + log 4.



38 K. N. ADEDJI, A. FILIPIN AND A. TOGBE
By (3.19), we get |log ak — logﬁ| < 0.003. So we take

hi = gloga +0.003 > h(aq),

1 1
hy = 2<‘A+2>\‘+3+2k> log o + 1.389 > h(az).

b2 |

Further, since by (4.1) by = m, by = 1 and D = 4, we have D

< 0.087. Let us define

1
2k log «+0.012

(4.3) b m

~2(|Aa+ IA[+ 3+ 2k) loga + 55572
If logd’ +0.38 < %, then b’ < 1236. Otherwise, we have
(4.4) log|A| > —17.9 - 4*(log b’ + 0.38)?hy hy.

+ 0.087.

Moreover, from Lemma 3.1, it is easy to get log|A| < —1.9988m log 5. Thus,
we have

1.9988mlog 8 < 17.9 - 4*(log b’ + 0.38)2hy ho.
Since log > log o* — 0.003 > 2h; — 0.009, then

1.9988m < 17.9 - 4* - 1.002 - 0.5(log b’ + 0.38)2h2.
It follows that

b — 0.087 = % < 287.15(log b/ + 0.38)2.
2

Using Maple, we obtain b’ < 33486.41. So, from this and inequality (4.3) we
get the result of Lemma 4.1. ]

We use Lemma 3.4 and Lemma 4.1 to get the following proposition.

PROPOSITION 4.2. For a D(4)-triple {1,0, c,(ci)}, (1< k<4, ifr>
68131(2k + 5) + 32889, then the equation P, = Q. has no solution (I,m)
satisfying m > 1.

PROOF. Assume that r > 316. Since A # 0, then A > 1. By Lemma 3.4
and Lemma 4.1, we have

1
0.983|A|vVblog a < 66972 (’A + 2>\’ +3+ 2k) log a + 186091.

This implies

66972 (|A + 3A| + 3 + 2k) L 186091
0.983|A] 0.983|A]log &

< 68131(5 + 2k) + 32887.

r—2 < Vb<

Therefore, this completes the proof of Proposition 4.2. 0
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5. PROOF OF THEOREM 1.5

In this section, we will use another theorem for the lower bounds of linear
forms in logarithms which differs from that in above section and the Baker-
Davenport reduction method to deal with the remaining cases. We recall the
following result due to Matveev [16] (see also Lemma 10 in [13]).

LEMMA 5.1. Denote by a,...,0; algebraic numbers, not 0 or 1, by
logau, ..., loga; determinations of their logarithms, by D the degree over
Q of the number field K = Q(a1,...,q;), and by by, ..., b; integers. Define
B = max{|bi],...,|b;|}, and A; = max{Dh(a;),|loga;|,0.16} (1 < i < j),

where h(a) denotes the absolute logarithmic Weil height of a. Assume that the
number

A=bilogas + -+ byloga;
does not vanish; then
|A] > exp{~C(j, x)D*A; - - - Ajlog(eD) log(eB)},
where x =1 if K C R and x = 2 otherwise and
C(j,x) = min {)1( <;ej> ) 30713535 26J’+2O} .
Now, we apply the above lemma with j =3 and x =1 for
A =lloga —mlog S+ log~.

Here, we take

Velyz + z2Vb)
Vb(zo + zor/C)

D =401 =1,bp=-mbg=1,n =a,as = f,a3 =

From the computations done in the previous section, we put

1 1
h(ar) = 5 loga, hlaz) = 510g B.
We see also that «g is a zero of

b (c—1)2X* — 4b%c(c — 1)zoz X3
—2be ((b—1)(c — 1) — 2b(c — 1)z3 — 2¢(b — 1)z5) X*
—4bc? (b — 1)aore X + (b — 1)2.
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This implies

h(as) < [log(bz(c —1)?) +4log max{|/c(y + 362\/5)}]

min{|v/b(z0 £ zov/€)[}

V(2 + 2v0) ]

1 2 2
=1 [log(b (c—1) )+4logm

<

1 et (1 + vb)*
S ICEE

1 < log(c- V2b- V2b) = log(20bc).

Hence we take
A; =2loga, Ay =2logfh, As=4log(2bc).
Using Lemma 5.1, we have
(5.1) |logA| > —1.3901 - 10'* - 16 - log a - log /3 - log(2bc) - log(4e) - log(el).
By (3.1) and Lemma 3.1, we get the following inequalities
(5.2) lloga < 2mlogf and log|A| < —1.9988mlogs.

Also it is easy to see that
1
(5.3) log 8 < Zlog(QCQ).
Combining (5.1), (5.2), and (5.3), we get the following inequality

l
A — < 212427475 - 10 - log?(2¢2).
(5.4) log(el)< 7475 - 107 - log*(2¢”)
(%)

Asc=¢ ' < c,(j), k <4 and r < 68131(2k + 5) + 32889, then we have
c < 418 <2.03-10%,

Solving inequality (5.4), we get a bound of | that we summarize in the follow-

ing result.

LEMMA 5.2. If P, = Q. has a solution (I,m) with m > 1, then we have

I <5-10.

In order to deal with the remaining cases, we will use a Diophantine ap-
proximation algorithm called the Baker-Davenport reduction method. The
following lemma is a slight modification of the original version of Baker-

Davenport reduction method (See [8, Lemma 5al).

LEMMA 5.3. Assume that M is a positive integer. Let p/q be a convergent

of the continued fraction expansion of k such that ¢ > 6M and let

n=puql —M-| xq |,



THE PROBLEM OF THE EXTENSION OF D(4)-TRIPLE {1,b,c} 41

where || - || denotes the distance from the nearest integer. If n > 0, then there
is mo solution of the inequality

O0<lk—m+p<AB™!
in integers I and m with

log(Ag/m) _, _ &/
logB — — 7

Dividing 0 < A < 1.00643~2™ by log 8 and using the fact that we have
B2 < a~! leads us to the inequality

(5.5) 0<lk—m+p<AB™,
where
o log v _ logy 10064 Bo—a
Tlogp M T logp T egp U

We apply Lemma 5.3 to the inequality (5.5) with M = 5- 1019,

For the remaining proof, we use Mathematica to apply Lemma 5.3. For
the computations, if the first convergent such that ¢ > 6M does not satisfy
the condition n > 0, then we use the next convergent until we find the one
that satisfies the conditions. After at most 2 steps of reduction, in all cases,
we are able to prove that [ < 13. However, in some cases, we are not able
to furthermore sharpen this bound applying the above mentioned reduction.
Thus, we have to see what is happening for small indices [, i.e. I < 13. We
check all cases and find no solution to P, = Q.,, for 2 < m < [ < 13. So, we
have the following result.

PROPOSITION 5.4. For a D(4)-triple {1,b,¢}, (1 < k < 4), if r <
68131(2k+5)+ 32889, then equation P, = Q,, has no solution (I, m) satisfying
m > 1.

Proposition 5.4 allows us to deduce that if P, = @, has a positive integer
solution (I,m), then m < 1. In fact, from (3.16) we know that a solution
comes from m = 1, ] = k + 1 and z9 = t. Using equations (1.4) and (1.5), it
is easy to show by induction that

Up = %(TU/C+1 —Tyy1) and Ty = %(TTkJrl — bUk1)-
Thus, we have
2=Pep1=Q1 = (rx )T+ (b r)Ug
= 2Thi1 £ 2Uky1.
Therefore, we obtain
d=2? -4 = (2Tjy1 £2U41)° — 4
= 8Ty Upsr +4(r% = 3)U2,, = ).
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This completes the proof of Theorem 1.5.
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Problem proSirenja D(4)-trojki {1,b,c}
Koueéssi Norbert Adédji, Alan Filipin ¢ Alain Togbé

SAZETAK. U ovom c¢lanku promatramo proSirenje D(4)-
trojki oblika {1,b,c}, gdje je 1 < b < ¢. Dokazali smo da taj
skup ne moze biti prosiren do neregularne D(4)-Cetvorke za neke
oblike broja c¢. U dokazu koristimo standardne metode bazi-
rane na rjesenjima binarno rekurzivnih nizova, zajedno s nekim
novim pristupima kako bi potvrdili slutnju o jedinstvenosti takvog
prosirenja.
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